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Motivation and Models ®00000000

Random Walks on Random Lattices

(a) Random Walk (b) Random Lattice
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Motivation and Models O@0000000

Stochastic Cumulative Loss Model

@ Suppose (ni,wy) are iid random vectors valued in N x R>( with mutually dependent components

o Consider 7, a Poisson random measure of rate A: i.e. for a Poisson point process 0 < t; < t2 < ... a.s. and
E € B(R>o),

o0
E Nk, Wk 5tk E)
k=1

where g, is the Dirac (point mass) measure,

@ ={ o
L | | [ [ [
t1 tz t3 t4 ts ts t? tS
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Motivation and Models 0O0@000000

Stochastic Cumulative Loss Process (cont.)

n([0,¢]) is a monotone increasing process measuring the cumulative losses up to time ¢,

Weight Loss (W) tio

Node Loss (V)
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Motivation and Models 0O00@00000

Delayed Observation

The process is observed upon a delayed renewal process

o T = ism

n=0
o 0 =T — Tr—1 are iid with LST [(0), k € N

e 79 = dp is independent of dx, k > 1

The process of interest is the embedded process

o Z =2 n((Tn-1,Tal)er, = 32 (Xn, Yn)er,
n=0 n=0

o (Nn,Wy) = Z([0,7n]), the value of the process at 7,

ety VBT o Reitom Lo

2015

5 /56



Model Summary: 4 Random Parts

@ The arrival process t1 < ta < ...
@ The nodes lost per attack
© The weight per node

@ The observation process 7p < 71 < T2 < ...
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Motivation and Models 0O0000@000

Delayed Observation as an Embedded Process

We consider the (green) embedded process moving on a random lattice

N
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Observed Threshold Crossings

p=min{n: Ny > M or W, > V'}

@ The first observed passage time (FOPT) is 7,

w
\4
//‘{, = FOPT
T FpT
To
M N
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Mo

Simulations of the Observed Process

n and Models 0O000000@0
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General Trajectory of the Upcoming Material

Q Analysis of the process upon 7,1 and 7, (time insensitive analysis)
e J. H. Dshalalow and R. White. Neural, Parallel, and Scientific Computations, 21 (2013).
@ Strategy 1 for a refined analysis (auxiliary thresholds)
o J. H. Dshalalow and R. White. Stochastic Analysis and Applications, 32:3 (2014).
@ d-dimensional time insensitive analysis (to be written as an additional paper)
@ Strategy 2 for refined analysis (time sensitive analysis)
o J.H. Dshalalow and R. White. Time Sensitive Analysis of Independent and Stationary Increment Processes
(2015 submitted paper).
e R. White and J. H. Dshalalow. Random Walks on Random Lattices with Applications (2015 submitted paper).

w //

v
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Time Insensitive Analysis ®00000000000

Functional of Interest

@ We seek a joint functional of the of the process upon 7,_1 and 7,,
@ (o, a, Bo, B, ho,h) = E [aoN"‘laN"ef*BOW"_l7’BW”ethTf"17hT”]
o ® leads to marginal PGFs/LSTs,
o ®(1,0,0,0,0,0) = E [ar]
o ©(1,1,50,0,0,0) = E [e=PoWp-1]
o $(1,1,0,0,0,h) = E [e~"7]

which lead to moments and distributions of components of the process upon 7,1 and 7,
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Goal and Operational Calculus Strategy

@ The goal is to derive ® in an analytically or numerically tractable form

o Strategy to derive P,

Assumptions

-1
5w ¥ (convenient form) RN (tractable)

for an operator H introduced next
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008000000000
Hpq and M, Operators

e D,’'s inverse restores a sequence f,
. k
o Dk () =limz—o %3876 (ﬁ(')) ,keN

o D (Dp{f(p)}(x)) = f(k)

Hod (W) (pg) = £ (%Ds (W, y>>) (@)
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Time Insensitive Analysis 000@00000000

Decomposition of ®

o Let u=inf{n: N, > M}, v=inf{n: W, >V}
@ Decompose @ as

b=F [QONP,IaNpe—ﬁowp,l—5Wpe—horp,1—hfp}

E [a(])vufl aVre BoWu—1=BWyu—hory—1—h7y 1{u<u}]
+E [Oéév“*1aNue**BOWu—l*BW“thT"_lth“ 1{u:V}]
+E [OéévyflozN”e_ﬁ(’W“’l_ﬂW“_hOT”fl_h”l{W"}]
= ¢'M<V + @u:y + (I)u>u

o We will derive &, <, of the confined process on the trace o-algebra F N {p < v}

Ryan White Random Walks on Random Lattices
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Decomposing Further, Applying H,,

o Introduce u(p) = inf{j : N; > p}, v(q) = inf{k : Wi > ¢}

_ N, _ N, —BoW;_1—BW,—h i —hT;
Pumr<vi) =Y D E [ao’ falem et A e ’1{u<p>:j,u<q>:k}]
j=20 k>j
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Decomposing Further, Applying H,,

o Introduce u(p) = inf{j : N; > p}, v(q) = inf{k : Wi > ¢}

_ Nj—1 N; —BoW;_1—BW;—ho7j_1—hT;
Pu)<via) —ZZE[%’ falem et A e ’1{u<p>:j,u<q>:k}]
J=0 k>3

@ By Fubini's Theorem, H,, can be interchanged with the two series and expectation

@ Using the memoryless property of the Poisson process and independent increments,

Hpq ((I)#(p)<y(q)) (x’y) = ZE [(aoax)Nj—l e_(50+ﬁ+y)W]‘—l_(h0+h)7'j—l:|
j=0

x FE [an (1 — a:Xj) e_(5+y)yj_h5j]

x 3B [t g1 e

k>j
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Time Insensitive Analysis 00000@000000

Deriving ®,,<,,
o Denote the joint transform of each observed increment
v(z,v,9)=FE [leefvyrﬂél]

@ The j and k series (assuming ||v|| < 1) become
1

-y

Lo =To+ (I =Ty ¥ ' =T —Th+

j=1

(1 - 7(17:’/’0)) Z’ykilij(lﬂ'/? 0) =1
k>j

o Then @, = My, (F}) ~To+ {2 (I - F)) (M, V), where

v =7 (wax, Bo + B+ y, ho + h)
I'=~y(az,f+y,h)

¢" =~(az, B, h)

ety VBT o Reitom Lo
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Time Insensitive Analysis 000000800000
Result for ®

@ Solving for ®,—, and ®,-, analogously and adding to ®,«,,

@:HQ(Q—&+1?7@me)wLm

where

v =7 (aoazx, Bo + B+ y,ho + h)
I'=v(az,B+y,h)
¢t =~(aw, B, h)

Ryan White Random Walks on Random Lattices 2015
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Time Insensitive Analysis 0000000@0000

Results for a Special Case

To demonstrate that tractable results can be derived from this, we will consider a special case where
@ Jj, € [Exponential(p)] = L(0) = 4=

o ny € [Geometric(a)] = g(z) = %, (b=1—-a)

@ wji € [Exponential(§)] = I(u) = E%

o (N07W0) = (O, 0)

Ryan White Random Walks on Random Lattices 2015 18 / 56



Time Insensitive Analysis 00000000 @000

Theorem 1

®(1,2,0,v,0,0) = E [ZN”e_UW"e_GT"}

_1_ _ 1% v+&(1 —bz) bu ap
- <1 N+9+/\U+f(17022)>(l+/\+69+(A+b0)(A+0)¢(z’U’9))’

ve c12§ QM — 1,c12¢V) |e=(HEA=1DV (e )M P(M — 1, (€ + 0)V) |

o) = i) ot € —cr2) T Tr el E i
A+ b0 _)\—|—b(,u+9)
CTNT T Ay ute

and Q(z,y) = %&f;) is the lower regularized gamma function.
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Time Insensitive Analysis 000000000800

Corollaries: Marginal Transforms

—1,26V)e 0=V L M P(M —1,6V)
w+A—(A+bu)z

A+ buw + afpp(l,v,0)

o aépt+ (Wt p

0 by alup(1,0,0)

) {1+/\+b9+ O+ 00)(\ + 0)

®(1,2,0,0,0,0) = E [ZN} _ 2QM

®(1,1,0,v,0,0) = F [e—va]

®(1,1,0,0,0,0) = E [e*“’fﬂ] —1-

Ryan White Random Walks on Random Lattices 2015 20 / 56



Time Insensitive Analysis 0000000000 e0

Useful Results: CDF of First Observed Passage Time, 7,

F.,(9) = P (7, <)

=AP(M —1,¢V) Z ¢jd;(9) + e

§=0

]¢J

where

Ryan White Random Walks on Random Lattices 2015
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Time Insensitive Analysis 00000000000 e

Useful Results: Means at 7,

E[N,] =

E [Wp} =

A+bp

E[N,]

+ M —

=B

(M —1)Q(M

Np] Elwn]

+&VQR(M

1,000 realizations of the process under each of the some sets of parameters (A, i, a,&, M, V') were simulated and

sample means recorded:

Parameters | E[N,] S. Mean | A Error | E[W,] | S. Mean | A. Error
(1) 989.08 988.82 0.26 989.08 990.06 0.98
(2) 990.63 990.39 0.24 990.63 990.27 0.36
(3) 989.28 989.92 0.64 989.28 988.97 0.31
(4) 989.08 989.08 0.00 989.08 989.68 0.31
(5) 503.00 502.73 0.27 1006.00 | 1005.04 | 0.96
(6) 1002.00 | 1001.57 | 0.43 501.00 500.91 0.09
(7) 803.00 802.68 0.32 803.00 802.67 0.33
(8) 752.00 752.10 0.10 752.00 751.68 0.32
(9) 493.57 493.46 0.11 987.14 986.59 0.55

J. H. Dshalalow and R. White. Neural, Parallel, and Scientific Computations, 21 (2013)
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Auxiliary Threshold Model

We introduce another threshold My < M with p1 = min{n : N, > M}.

w i
v i
;x/‘iOPT
| FPT
Tm
p<p
M, M N
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Auxiliary Threshold Models O@0000000

Functional of Interest

Our functional of interest will be similar to before, but containing terms associated with the auxiliary crossing at
M1

<I)P41<P = CI)I»L1<.0 (Z(),Z,C((),C(,vo,v,ﬂo,ﬂ, 90707 h(),h)

e*”OWm*l*”Wul

Ny;-1_N Npo—1 N,
:E{ZO“1 20 oy PP

e e e Liui<py

= (I)u1<u<u + ¢’,u1<u:u + @[,L1<V<I.L

))IDBEEA DID DN R DI (41 = dups = kv = n)

720 k>jn>k 7>20n=k>j j>20n>j3 k>n

We use an operator Hpqs = LCs 0 Dy o D), adaped to work with the additional discrete threshold, but the path
to results remains the same

-1
Hpqe Assumptions . ’H.,,
D, cp 25U, <) VU, <, (convenient) —=% &, -, (tractable)
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Auxiliary Threshold Models O0@000000

Results for ®,,, <,

1 p—
Bpr<p = Hayu ({asé — g0+ 7o (9' - ¢>} ¢ j) (M1, M, V)

where

¢ =7 (uvouaoaxy,vo +v + Bo + B+ w, 00 + 0 + ho + h)
¢ =y (uaoazy,v+ Bo+ B8+ w,0 + ho + h)
¢' =7 (uavay,v + Bo + B+ w,0 + ho + h)
Y = v (oay, Bo + B+ w, ho + h)

x =7 (ay,B+w,h)

& =7(a,B,h)

~
v

Ryan White Random Walks on Random Lattices 2015
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Auxiliary Threshold Models O00@00000

Results for a Special Case

Suppose
@ 0 =c a.s.
@ ny with arbitrary finite distribution (p1,p2, ..., pm)

® wj) € [Gamma(q, £)]

Ryan White Random Walks on Random Lattices 2015 26 / 56



Auxiliary Threshold Models 000080000

Theorem

®,,<,(1,2,1,1,0,0,0,0,0,6,0,0) = E [zNw e~ "Wt g =07 1{u1<p}]

Mi—1 . M—1—k N £ \okEm
_{ Z 2, Z 2™ Em (7> Pla(k+m), (v+&V)

k=0 m=0 v +€
My—1 ak
—c(0+X)
_ Z (%Lf) P(ak, (v+ &)V ZE Fio_ }e
e o
Fy = (A" Lioj—r) (e_c(eﬁ)) > 511 : 5RRI’
r=0 1Bll1=3
[R]-B=r+j
I_%JJ pBl...pﬁR
A j—r 1 R
Ej = Z (eA) Z Bl - Br!
r=0 I1Bll1=3
[R]-B=r+j
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A Computational Difficulty

Z P1 "'p%R

. 1’
1oy A PR
[R]-B=r+j

o Model 1 is general and useful, but it requires calculation of all integer solutions in {0, 1, ..., R}® of the linear
system

Bi+B2+...+Br=1J
br+202+...+RBr=1+]

for each j=0,1,....M —1and r=0,1,..., L%jJ.

@ Other special cases: ny geometric, n, =n a.s.,

ety VBT o Reitom Lo w2



Auxiliary Threshold Models 0O00000@00

Results and Simulation

We find ®,,,<,(1,1,1,1,0,0,0,0,0,0,0,0) = E [1(,, <} ] =P{m

range of M; values

< p} and compare to simulated results for a

Constant Observation with Parameters (1,[.25,.9,.25],01.9,1.5],1,1,100,50]
T T + T T T

Constant Observation with Parameters (1,[.25,.5,.25],01.5,1.5], 1.M1,1000,1000)
T T T T

%3

[

[

06+

05+

(X

Fimu , <min . nu))

03k

0zt

[INES

09r

06 E

0rE

06 E

05k

04}

Pimu y <tmin fma nul]

03r

RN

T T
redicted
mmpirical (100]

M1

J. H. Dshalalow and R. White. Stochastic Analysis and Applications, 32:3 (2014)

Ryan White

L L | L | I L
g 0 a1 420 930 440 EH] 960 EH

I
980

L
EET] 1000

Random Walks on Random Lattices

2015

29 / 56



Auxiliary Threshold Models 0O000000@0

Simulation for an Alternate Model

We did the same under the assumptions §; € [Exponential(u)], n1 € [Geometric(a)], w11 € [Exponential(£)].

Exponentiol Obs ervation with Parstneters (1,.5,1,2 M1,1000, 10001 Exponential Obs ervation with Parameters (4,.5,1,.5 M1,1000,900]

Predicted Predicted
09k Etnpitical [ 100) ook Etnpitical (100]
&+ 0sE 4
[ 07E 4
= 0Bl = 08l i
2 E
g g
st e 05p 1
] H
b ¥
Bl TN T4} 4
£ £
I~ T
03H 03r 4
02t nar —
(AR 01E —
L L L L L | L | | L | L | | L | "
% 0 a1 420 830 440 450 860 EH] ELT EET] 1000 % 0 &20 840 &ED 880 ann 420 a4n 480 ELT] 1000
K1 k1

J. H. Dshalalow and R. White. Stochastic Analysis and Applications, 32:3 (2014)
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Auxiliary Threshold Models O0000000e

Continuous and Dual Auxiliary Threshold Models

p<p ¥
_-"FOPT
| FPT
T!U
M N M, M N
Figure: Continuous Auxiliary Model, v1 = min{n : W,, > Vi } Figure: Dual Auxiliary Model, p1 = max{u1,v1}
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d-Dimensional Insensitive Model ®00000

d-dimensional Model

@ Suppose A(t) is a d-dimensional process similar to the models above, with observed crossing indices
{v1,...,va} and p = min{v1, ...,vq}. We investigate

A A
O(u)=F [ul e ---udd"]
o If a dimension of the mark is continuous-valued, the operator D, may be replaced with £C,
. Ay, - . . CwiA
o In addition, terms of the form w7 in the functionals should be replaced with terms of the form e™"J Ajp

o ie. take u; e Y

@ Thus, we lose no generality by assuming the process is discrete-valued

ety VBT o Reitom Lo SRSV



d-Dimensional Insensitive Model O@0000

Confined Functionals

o Let Q be a sub-partial ordering of threshold crossings, then we seek

o) = B [ufr -l 1]

o For example, let Q = {v1 = v2 < w3} N{vs < vz} in 4D, then we may find

@Q(O) = E[lg] = P(l/l =vy < V3,V < 1/3)

Ryan White Random Walks on Random Lattices 2015
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d-Dimensional Insensitive Model O0@000

Confined Functionals

o For the set P partial orderings satisfying sub-partial ordering Q,
CI)Q(U) =F |:11AP1Q:|

= Z E [uAﬂlp]

{PeP}

= ) ®p(u)

{PeP}
o For example, let Q = {v1 = v2 < w3} N{va < vz} in 4D, then
P = {{7/1 =2 <y < 1/3},{7/1 =V =1s < 1/3},{7/4 < =12 < 1/3}}

(I"p = E <I)P = q)]/l:y2<y4<l/3 + q)u1:u2:u4<u3 + ¢V4<u1:u2<u3
{PeP}

Ryan White Random Walks on Random Lattices 2015
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Arbitrary Confined Functional

@ Suppose P is an arbitrary partial ordering of d crossings observed upon k times

Vp(1) = e = Vp(s1) < Vp(s;+1) = = = Vp(sg) < oo < Vp(sp_1+1) :' o = Vp(d)
J1 2 Tk

o Fixing j»'s, we derive

k—1
_ Ry Rjas;

bpw = | B X Toen | =yt [ (R0t ) [T gk
Jk>ik-1  d2>i15120 = '

k(<d) series

where R's simply depend on u, v, y, and the increment’s joint functional ~

ety VBT o Reitom Lo SRV



d-Dimensional Insensitive Model 0000e0
Rjas,

(Sk 1+1) AR
Rk2sk E 1= y (Sk 1+1) o (1 - yp(d) )
{ ’Yp 1 'Y p(sk—1+1)’ 1) + Yp (1§ 17yp(sk,1+2)’ 1) + o+ (1§ lvyp(n))]

{% (1 y (g,c_lﬂ),yp(sk_l“)vl) ot (1%yp(sk_1+1)7 1»yp<d>) ot (1; 1vyp<d—1>vyp<d>)]

o (SR TRy (1;yp(5k71+1), ...,yp(d))}
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d-Dimensional Insensitive Model [eJeJe]e]o]

@ Code (in Python) is developed that

@ Generates all partial orderings of d indices (d < 10 feasible)

© Queries the list to prune it to P for any specified Q

@ The is computationally intense for large d, because we no only have d! partial orderings with all < signs, but
also all partial orderings with ='s

@ Special case results rely on d transform inversions, so this is sufficient for most purposes
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Time Sensitive Analysis ©000000000000000000

Time Sensitive Analysis: Motivation

ﬂl{“’ﬂo—l}] dt

(I,(z):f 0t P—vl-Af,_l—VQ-A,,—w-A(zJ—h{,f,,_,—ha,,
>0

o _ f ot vallAf,_l7VZ-A,,7WAA(£)41{,T,,_,mfs
=0

1{fﬂ_l§t<‘r{,}:| dt

N

—
—r—

M —1

o— b

— il P

— P

! I P

— R P
must i BBV L

Tp-1 Tp

)
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Time Sensitive Analysis 0O@00000000000000000

New capabilities:
o Joint results: E [e™*"el(per 3], P(W, < s,7, <t), P(N, =n,7, <t)

o Conditional probabilities: P (N, = n|1, > t) = P(Z”(;T
Tp

Ryan White Random Walks on Random Lattices
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The Previous Method Fails!

@ We would like to expand each functional in stochastic series as before

—0t —vi-A, 1—va-A,—w-A(t)—hoT,—_1—hé
Hpa (/tzoe E|:€ 3 £ [ pl{t<7'p_1}:| dt)

—0t —vi-A;_1—vo-A;i—(...
:Hpq<ZZ/t>oe E{e AV Ay )1{t<fj_1}1{u<p):j,u(q>:k}}dt)

>0 k>j
o However, we cannot simply find the terms to sum since A(t) is involved

@ Next, we prove a very general result leading to a way to represent these terms

ety VBT o Reitom Lo
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Time Sensitive Analysis 000@000000000000000

ISI Processes

Consider a R%-valued stochastic process A(t) on a filtered probability space (2, F, (Fi)s>0, P) such that

o A(t) has independent increments:

e For 0 < t; < ... < tg, the increments A(t1) — A(0), A(t2) — A(t1),..., A(ty) — A(tx—_1) are independent.

e i.e., increments on non-overlapping time intervals are independent
o A(t) has stationary increments:

e For 0 < s < t, the distribution of A(t) — A(s) depends only on t — s

@ Lévy processes are ISI (e.g. Poisson processes, Wiener processes)

ety VBT o Reitom Lo SRS



Time Se e Analysis 000080000000 0000000

Discrete-valued Dimensions

o If a dimension of the mark is discrete-valued, the operator £C,, may be replaced with the D, operator

o In addition, terms of the form ™" in the functionals should be replaced with terms of the form

H;l:o V?j" (i.e. take v; — —In v;).

@ Thus, we lose no generality by assuming the process is continuous-valued in each dimension.

ety VBT o Reitom Lo
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Time Se e Analysis 00000@0000000000000

ISI Functionals

o Suppose T = {To, T1, ..., Tm} are random variables with T,, = T,—1 + A, where each A, is independent
of Ao, Al, ceey An—l

o We do not assume they are identically distributed
@ For 1 <n < m, we will seek functionals of the form

Fo(t,vo,...,Vm,w,x) = E [e_ Tito vy A(Ty) - A XAy

(o <reny ]

where A = (Ao, ..., Ap)

ety VBT o Reitom Lo 5



Time Sensitive Analysis 000000@000000000000

Theorem 1

The functional F, (t, vo, ..., Vin, W, x) of the d-dimensional ISI process A(t) on the trace o-algebra
FNA{Th—1 <t <T,} where T;,_1 and A,, are independent of F; satisfies

F;(0,vo, ., Vin, W, X)

n—1 m
=[[w®i+wa+0)E [efz"A"d) (bn,bn +W,An)] I v (bs2y)
3=0

Jj=n-+1
where
bj = Zvi
i=j
© (b, 5) - E |:e—b~A(S):|
b b,x,0) = (e (b)) + o (x,) () = / ¢ (b, 1) (x,a — 1) dt
0
1 @0) = B [ M)A g [ a) 0]
Random Walks on Random Lattices
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Time Sensitive Analysis 0O000000@00000000000

Theorem 1 Proof

A) = AW~ A(To 1) + Y (A(T) ~ A1)

k
A(Ty)=> (A(T) -~ A(Tj1) + A(t) — A(t), k=n,..m

§=0
Let & = (o, ...y ) and sp = Z?:O aj. Writing the expectation F); explicitly,

F;(0,vo, .., Vin, W, X)

— 0t —x-
:/ e / e ¥R
m+1
t>0 aERZO

e~ Tizo (i+w) [A(s;)=A(si-1)] = (Bntw) [A()-A(sn-1)]

o« b [AGsn)—AMI-TFL, 1 by [A(s;)-A(s-1)]

dPg A, (0 ey ) dt

Jj=0

X 1{Sn—1 §t<sn71+an}

ety VBT o Reitom Lo
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©000000080000000000
Theorem 1 Proof (cont.)

By the independent and stationary increment properties,

E; (0,0, ..., Vin, W, X)

n—1
:/e—“ / e T & (b +w,5) @ (bu + W, ¢ — 501) 9 (b, 501+ tn — 1)
=0

> +1
t>0 aeR;O
m
< I ooty oo v dPu , (a0, am) di
j=n+1 j=0"’
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Theorem 1 Proof (cont.)

By the independent and stationary increment properties,

E; (0,0, ..., Vin, W, X)

n—1
:/e—“ / e T & (b +w,5) @ (bu + W, ¢ — 501) 9 (b, 501+ tn — 1)
=0

> +1
t>0 aeR;O
m
< I ooty oo v dPu , (a0, am) di
j=n+1 j=0"’

By Fubini's Theorem and the independence of Ao, ..., A,

n—1 m
-11 / (40 (b 4w, ) dPa, () ] / 9% (b;, a;) dPa, ()
7=04">0 I=ntly >o

Sp—1tan
X / e Fnon / e_e(t_s’“l)ga by + W, t — 8n—1) @ (bn,Sn—1 + @ — t) dt dPa,, ()
an>0 t

=Sn—1
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Theorem 1 Proof (cont.)

By the translation invariance of the Lebesgue measure, taking u =t — s,,—1,

F’:: (97V07 <oy Vm, W, X)

n—1 m
=[] +w,z;+6) T[ v (bs, )
j=0

X / e Inan
an >0

n

3o
- ©

J

j=n+1

/

Qn

=0

e o (by, +w, 1) ¢ (by, an — ) du |dPa,, ()

1 m
%@+W%+@II%@MW/

j=n+1

e*Inanw (b’ﬂ + w, b”ﬂa a”) dPAn (an)

j=n+1

H v (bj +w,z; +0) E [efz"A"w (b + w, by, An):| H 75 (b, ;)
=0

Random Walks on Random Lattices
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Corollary 2

Let A(t) be a d-dimensional marked Poisson process of rate A and assume 7 is independent of F;, then

F,I(H,vo,...,vm,wpc):ﬁLj(9+xj+A(1—g(bj+w)))
Ln(#n+A(1—g(bn))) = Ln (@n+ 0+ A(1 — g (bn +W)))
0+ X (g (b + W) — g (b))

x ] Lj (s +X2(1—g(by)))

j=n+1

o Lj(z)=E [e *®] is the LST of A,
o g(v) = E[e V] is a joint LST of the marks

o i.e. assume the marks are nonnegative real-valued

ety VBT o Reitom Lo
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Returning to the Goal

@ The goal is to find joint functionals of the form

é(l) (67v17V27w7h‘07h) = /

e R [e—vlAAp,l—vQ<Ap—w~A(t)—h(,Tp,1—h5
t>0

”1{t<7_p71}] dt

®? (0,v1,v2,w, ho, h) = /

) |:efv1-Ap_17v2<Ap7w-A(t)7h07'p_17h5
t>0

’ l{Tp_1§t<Tp}] di
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Returning to the Goal

@ The goal is to find joint functionals of the form

D (g hoo h) — —etE[ V1A, 1—v2 Ap—w A(t)~hoT,—1—hdp ]dt
(7V17V27w7 (& ) tZOe € {t<7—p—1}

) |:efv1<Ap_17v2<Ap7w-A(t)7h07'p_17h5

(I)<2) (0,V1,V2,W,h0,h) = / pl{Tp—1§t<Tp}] dt

t>0

@ 7,—1 and §, are not independent, so the results are not immediately applicable. Let 7p =0 and

Th=7j—1 =08 +01+ ..+ -1 Iy=7=T1+9;
T3 =Tp—1 =To+ 6jt1 + ... +0k—1 Ty =71 =T5+ ok

for fixed j and k so that each A, is independent of the prior A,'s
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Corollary 3

Let A(t) be a 2-dimensional marked Poisson process of rate X. For the process with m = 4 on the trace
o-algebra F () N {t < 71}, respectively,

.
Fii (0,v1,v2,v3,va, W, ho, ho, h)

= zt{E[e‘VI‘AJ’ﬂ—V?Aa‘—Vﬁ‘Akfl‘V4‘Ak‘W'A(“‘h°”*1"“*f1{t<7. 1}1{u:j,u:k}] }
S

Y0 (b1, ho) ¥’ " (b1, ho) — 70 (b1 + w,0 + ho) v " (b1 + w, 0 + ho) k—1—j
B b 7h’ 70 b ,O
0+X(g(b1+w)—g(b1)) 7 (b2, h) v (va,0)y (bs,0)

where

A, =A(m)
Xn = An - Anfl

v(v,0) =FE [e—v-xl—eal]

ety VBT o Reitom Lo STV
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Theorem 4

(1)

The joint functional @, 2,

of the process A(t) on the interval [0, 7,_1) satisfies

q)(l)

p<v

(0,v1,v2,w, ho, h)

_0 —vi1-A,_1—Vvo-A,—w-A(t)—hoT,_1—hS
:/t>oe 'E [e VA1V Apmwe AL “hoTu -1 “1{t<m71}1{u<,,}] dt

Y

Y1Y2

v ((v21,v22 + y2) , h) =y (va +y,h)
O+A(g(vi+vat+y+w)—g(vi+va+y))

Yo (Vi + v2 +y, ho) Yo (Vi+ve+y+w,0+ ho)
X — (M, V)
1—y(vi+ve+y,ho) 1—7v(vi+ve+y+w,0+ho)

where

Hpq = LCp 0 LC,

ety VBT o Reitom Lo SRS



Theorem 4 Proof

1
Hpq (éigp)@(q) (0,v1,v2,w, ho, h))
—0t —vi-Ai_1—va-Ai—(...
:Hpq(ZZ/t>06 E{e phgmmvarhi = )1{t<fj_1}1{u<p>:j,u<q):k}]dt)
i>0k>j 7/t
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Theorem 4 Proof

1
Hpq (¢L(L)<V<q) (0,v1,v2,w, ho, h))
—0 —vi-Aji_1—va-A;i—(...
:Hpq(ZZ/t>Oe tE|:€ 1A j_1—vaAj—( )1{t<7-j_1}1{M(P):ij(q):k}:|dt>
i>0k>j 7/t

Then, by Fubini's Theorem and since 1{t<7j,1} =0ifj=0,

- Z ZFI*JI@ (67V1 + (y170) , V2, (anQ) ,0,W7 h07 h07h)

J>0 k>j

- Z ZFl*Jk (97V17V2 + (ylao) ) (07y2)707W,h07h0,h)

>0 k>3

- Z ZFl*jk (97V1 + (ylvo) , V2,0, (Ova) 7W,h07h0,h)

>0 k>3

+ Z ZFl*jk (0,V1,V2 + (y170) 707 (07y2) 7w7h‘07h0,h‘)

3>0 k>j

which by Corollary 3 converge to the proper terms assuming ||v]| < 1
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5 Similar Functionals

@ Analogous proofs yield results leading to
q)(l) (1) +q>(1) +q>(1)

H>v

o After deriving another corollary to Theorem 2 analogous to Corollary 3 on {r,_1 <t < 7,}, we also find
similar expressions for

@ — (I)(?iy @(2)1/ + <I>

,u>u
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Deriving a Joint Probability Distribution (1-d Model)

@ Derive a corollary to Theorem 1 with d = 1, m = 2 (as in Corollary 3)
@ Expand in series under H, (as in Theorem 4)

© Specify g and [ and take the inverse Dﬁ/[_l to get

®M*(0,1,u,1,0,0) = £, {E [“API{KW—H] } ©)

@ Find the inverse Laplace transform to find

oM(0,1,1,1,0,0) = E [u"‘n{mﬂ}]

@ This a restricted PGF, so apply % }ng% %() to find
P{N, =r,Tp—1 >t}

Ryan White Random Walks on Random Lattices
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©000000000000000080
Joint Distribution of 7,_; and A, (1-d Model)

P{A,=rTp-1 >t}

— M-1
Boap | ptA H
=2 Ronr Rijr| — —=— | GoRor G; — Hj 1) R;
>\,u+>\ au O+Z Jr N+>\ 00+]2:1( 1) Jr
M-1M-1-j M-—2M-2—j M-3M=3—j
- {Z Y im0+ D Y gy the D Y Czl”zmu}]
j=0 i=0 7=0 =0 7=0 =0
M—1 M—-1—j ) M—-2 M—2—j ) M-3 M-—-3—j )
+>\ Z Gj D Mpmipgy — D (0G5 +H) D0 clpmijiy+b > Hy Y 511{Ti+j+2}}
'“ i=0 j=0 i=0 j=0 i=0
where
0 ifr<j
b A ’
c:F(M,l)_Lr/\ Rjr={1, ifr=j
ot (c—b)er—i-1, ifr>j
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An Interesting Generalization

@ Suppose during the the random time interval I; = (T;-1,7}), then
g;(v) = E [e7%1]
L) = E [e*“ﬂ]
(,) = B [o 98]
@ Then it is simple to rework results 2-4 above

@ This allows the position independence of the marks to be relaxed
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