Lecture 23 - June 18

* 6.4/6.6 Sin and Cos Graphs

Upcoming Deadlines

* 6.3-6 Homework (June 20)
e Exam 3 (June 21)
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Sin Graph

~ (

Properties of the Sine Function y = sin x

1. The domain is the set of all real numbers.

2. The range consists of all real numbers from —1 to 1, inclusive.

3. The sine function 1s an odd function, as the symmetry of the graph with
respect to the origin indicates.

4. The sine function is periodic, with period 27.

5. The xinfercepisare. .. 2o, —or [ 2ar. Jar, . . -the y interceptis i)

6. The absolute maximum is 1 and occurs at x = ... Sl ol ol

.—2~5,2.2,...;
37 Tm 11w
S

e : T
the absolute mmimum s —1 and occurs at x = ..., —5,
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Example

Graphing Functions of the Form y = A sin(wx)
Using Transformations

Graph y = 3 sin x using transformations.

Y J;_ (3 3)
i+ &) (1) i
1
\l | /.I\ | /.I\ \ ! ! !
_T\E/ T T i o om X —m\_z | T 3%7 X
(310 (F -1 i (F.-3
Multiply by 3: —3r
vertical stretch
(a) y=sinx by a factor of 3 (h) y=3sinx
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Example

Graphing Functions of the Form y = A sin(wx)
Using Transformations

Graph y = —sin(2x) using transformations.
J"JL Jr"n
(-3.1) (3. 1) ) (3 1)
/N N\ LN\
| | | |, | | | .
/71 N/ 7\ % A5 NE/T F™\
_1 - _-I -
Multiply by —1;  J«——Period 2r—]  Replace x by 2x; _
Reflect about the Horizontal compression 1 Period 7 >
X—axis by a factor Gf%
(h) y=—sinx (c) y= — sin (2x)
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Cos Graph

Vi

(0, 1) (27, 1)

Properties of the Cosine Function

)

n

The domain is the set of all real numbers.
The range consists of all real numbers from —1 to 1, inclusive.

The cosine function is an even function, as the symmetry of the graph with
respect to the y-axis indicates.

The cosine function is periodic, with period 2.
3 ® o dw Om
2 2 2 2 7
The absolute maximum is 1 and occursat x = ..., —2m, 0, 27, 4, 67, ...
the absolute minimumis —1 and occursatx = ..., —m, 7, 37,57, ....

The x-intercepts are ..., — ,-..; the y-intercept is 1.
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Example

Graphing Functions of the Form y = A cos(wx)
Using Transformations

Graph y = 2 cos(3x) using transformations.

by a factor of 2
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Horizontal
compression by
a factor of 5

y y
) (2, 2) (&, 2)
(21, 1) /\ /\ /~\
/7\ ” | | | | | |
- _ A 2
I ANV NV S \ET/%‘%\%/%T”?X
2r -2+
(-, —-2) (77, =2) T -2 (7.2
Multiply by 2; _ Replace x by 3x;
Vertical stretch (b) y =2 cos x

(c) y=2cos (3x)



Sinusoidal Graphs

Figure 51 y

(b) y=sinx

Shift the graph of y = cosx to the right g units to obtain the graph of

y = cos(x — g) See Figure 51(a). Now look at the graph of y =sinx in
Figure 51(b). We see that the graph of y = sin x is the same as the graph of

y = cos(x — E).
2

. '
sin X = COSs I_E

(We shall prove this fact in Chapter 7.) Because of this relationship, the graphs of
functions of the form y = A sin(wx) or y = A cos(wx) are referred to as sinusoidal
graphs.
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Amplitude

In Figure 52(b) we show the graph of y=2cos x. Notice that the values of
y = 2 cos x lie between —2 and 2, inclusive.

2
(2m, 1) / \ /‘\
1_
\/l.\ , | | | .
3 2m SNX Multiply by 2 - /5 | I\ " /% T T\
1) Vertical stretch
by a factor of 2 _ob

(—m, —2) (m, —2)

X (b) y=2cos x

In general, the values of the functions y = Asinx and y = A cos x, where
A # 0, will always satisfy the inequalities

—|A| = Asinx = |A] and —|A| = Acosx = |A]

respectively. The number | A| is called the amplitude of y = Asin x or y = A cos x.
See Figure 53.

T Ab I
% :

ral |-

11\/271' 57 x
dy|= 2
y=Asinx A=0
Period = 277
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Period

In Figure 54(b). we show the graph of y = cos(3x). Notice that the period of

this function is —, due to the horizontal compression of the original period 27 by a

factor of —.
)
_em Y 2T
{2_",” ( 3'1) 1 3‘1)
\ 3/7\\} ‘:T\ | \ | /EI‘> L,
™ ™ o m_T v W m ™ ™ 2T LT
I NG L _T_?W_ﬁ 5\ 3 ?wax
(m, —1) —1
(o) T oES) @
Replace x by 3x: |<—1 period —-]
Horizontal '
@07 cos T sty
In general. if @ > 0, the functions y = sin(wx) and y = cos(wx) will have
. 2 : : :
period T = —.To see why. recall that the graph of y = sin(wx) is obtained from the
0
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. . : : l
graph of y = sinx by performing a horizontal compression or stretch by a factor —.
w

This horizontal compression replaces the interval [0, 27 ], which contains one

L 21 . : :
period of the graph of y = sin x, by the interval [U. —T] which contains one period
()

of the graph of y = sin(wx). So, the function y = cos(3x). graphed in Figure 54(b),

2 27
with @ = 3, has period = :r
v )

One period of the graph of y = sin(wx) or y = cos(wx) is called a cycle.
Figure 55 illustrates the general situation. The blue portion of the graph is one

cycle.

AL
E\/g_-n- %

_A— i w

y=Asin(wx),A=0,w=0

i — 210
Period = )

When graphing y = sin(wx) or y = cos(wx).we want w to be positive. To graph
y = sin(—wx),w > 0ory = cos(—wx), ® > 0,we use the Even—-Odd Properties of

the sine and cosine functions as follows:

sin(—wx) = —sin(wx) and cos(—wx) = cos(wx)

This gives us an equivalent form in which the coefficient of x in the argument 1s
positive. For example,

sin(—2x) = —sin(2x) and cos(—mx) = cos(m7x)

Because of this. we can assume that @ = ().
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Theorem and Example

If @ = 0, the amplitude and period of y = A sin(wx) and y = A cos(wx) are
given by

2

Amplitude = |A] Period =T =

(1)

]

L

Determine the amplitude and period of y = 3 sin(4x).
Comparing y = 3sin(4x) to y = A sin(wx), we find that A = 3 and @ = 4. From
equation (1),

27T 27
Amplitude = |A| = 3 Period = T = =27
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Phase Shift

y = Asin(wx — &)

)

where @ > 0 and ¢ (the Greek letter phi) are real numbers. The graph will be a
sine curve with amplitude |A|. As wx — ¢ varies from 0 to 27, one period will be
traced out. This period will begin when

which may also be written as

[

)]

wx —¢d=0 or x=

and will end when

b 2w
wX — G =27 or x=—+—
10 0]

Figure 71 One cycle of NOTE We can also find the beginning

y=A sin(mx B (.b),.ﬂ =0, and end of the period by solving the
w=>=0¢ =0 inequality:
Vi O=wx —¢ =27
A — I/—-—\ (l'.[? = wx = 27 + (b
| | | | . & o b
y b ~N_ _~ | X —=x="+=
—A w @+E—Tr 1) @ @ u
- W W
Phase! |

ey |
shift . Pperiod =%‘T—H
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—

We see that the graph of y = Asin(wx — ¢) = A sin{w(x — ﬂ)} is the same

w

units (to the right

¢
as the graph of y = A sin(wx), except that it has been shifted ‘;

if ¢ = 0 and to the left if ¢ < 0). This number 4 is called the phase shift of the
graph of y = Asin(wx — ¢). @

For the graphs of y = A sin(wx — ¢) ory = Acos(wx — &), 0 = 0,

2
Amplitude = |A| Period = T = “= Phase shift = 2

w w

The phase shift is to the left if ¢ < 0 and to the right if & = 0.
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Example

Find the amplitude, period, and phase shift of y = 3sin(2x — 7) and graph the
function,

We use the same four steps used to graph sinusoidal functions of the form
y = Asin (wx) or y = Acos(wx) given on page 400.

STEP 1: Comparing

'

y =3sin(2x —7) =3 Si“{z(x N 5)}

to

2]

&

y=Asin(wx — &) = A sin{m(x — —)]

we find that A =3, = 2, and ¢ = 7. The graph is a sine curve with
2w 27w b

— = — = m.and phase shift = — = =

amplitude |A| = 3, period T =

STEP2: The graph of y = 3 sin(2x — 7) will lie between —3 and 3 on the y-axis. One

. : ™ b 27 3
cycle will begin at x =—=—andendat x =—+ —=—+ 7 = :
l = ® 2 w w 2 2

T 3
To find the five key points, divide the interval [E ;} into four subintervals,

_,i._

] . . .
each of length m = 4 = — by finding the following values of x:
T T w7 37 3w = T 57 S@ w 3w
2 2 + + 4 4 4 < 4 4 2
st x-coordinate 2Znd x-coordinate  3rd x-coordinate  4th x-coordinate 5th x-coordinate

STEP 3: Use these values of x to determine the five key points on the graph:

(%0) (TT'%) (, 0) (%‘"—‘%) (7”'0)
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5T _3)

L

T

The graph of y = 3sin(2x — 7)) = 3 sin[Z(x — —)] may also be obtained

using transformations. See Figure 73.

2

Vi {g‘a} Y {¥,3) Y {BTW!S)
3 - 3= 3=
| | - | / . | /I\A .
| T 2w X | 1} m X T 'rr\ X
2 7
-3 -3F -3+
T, -3) (3, -3) (%, -3)
T
w 3; Replace x by 2x; Replace x by x — %
tretch Horizontal compression Shift right
rof 3 by a factor of & T units
(b) ¥ = 3 sin x (€) y = 3 sin (2x) (d) ¥ = 3 sin [2 (x —%)]
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Example

Find the amplitude, period, and phase shift of y = 2 cos(4x + 37) + 1 and graph
the function.

SteP 1: Begin by graphing y = 2 cos(4x + 37). Comparing

37
y = 2cos(4x + 37) = chs{ci(x + T)]

4
to
¢
y = Acos(wx — ¢) = Acos|w| x — —
)
we see that A = 2, @ = 4, and ¢ = —37.The graph is a cosine curve with
2w 2w 0w o) 3
amplitude |A| = 2.period T = — = — = —, and phase shift = — = ——.
P 4] P 0, 4 2 P w 4
STEP 2: The graph of y = 2cos(4x + 37) will lie between —2 and 2 on the y-axis.
_ . &b 37 b 27 3w
One cycle will begin at x = — = —andendatx =—+ —=-""+
— - 0 4 W 0] 4
ST To find the five key points, divide the interval
3w . : T T
[— 4‘ —I] into four subintervals, each of the length é +~4 = E‘ by
finding the following values.
37 37 0w S ST o T T 37 37w T
— —— == — ——t == = —— 4 — = - —— == -
4 4 3 8 8 3 2 2 8 8 8 3 .
st x-coordinate Znd x-coordinate 2rd x-coordinate 4th x-coordinate 5th x-coordinate

STEP 3: The five key points on the graph of y = 2 cos(4x + 37) are

(-52) (F90) (-52) (-5F0) (-52)

STEP 4: Plot these five points and fill in the graph of the cosine function as shown
in Figure 74(a). Extending the graph in each direction, we obtain
Figure 74(b), the graph of y = 2 cos(4x + 3m).

STEP 5: A vertical shift up 1 unit gives the final graph. See Figure 74(c).
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_FJL

\/\

T E
4 H
1T
O A
2.2 —
Add 1;
Vertical shift
(b) y =2 cos (4x + 37) up 1 unit () y=2cos (4x + 3m) + 1
y ¥y y
/\ /\ /\ /\ /‘\ 2F /\
I | 1 1 = | I 1
! x = I i 3 A\%/ﬂ 3 -%\ /'%" T
i (m, —2) 2r (%.-2 =7-2 )
(@) y=2cosx Replace x by 4x; (b) y=2cos (4x)  Replace xby x +3; (¢) y=2cos [4 (X +3Tﬁ)]
Horizontal compression Shift left 3% units = 2cos (4x + 3m)

by a factor of §

Add 1;
Vertical shift

up 1 unit

(d) y=2cos (4x + 3m)+1 .J
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Summary

-
SUMMARY  Steps for Graphing Sinusoidal Functionsy = Asin(wx — ¢) + Bor
y = Acoslwx — ¢) + B
STer 1: Determine the amplitude |A|, period T = 2—'7 and phase shift Q
w w
STep 2: Determine the starting point of one cycle of the graph.ﬁ Determine the ending point of one cycle of
m b 7 7
the graph.i ot 2— Divide the interval [i— + 2—7‘} into four subintervals, each of length C + 4.
w w w w w w
Step 3: Use the endpoints of the subintervals to find the five key points on the graph.
Ster 4: Plot the five key points and connect them with a sinusoidal graph to obtain one cycle of the graph. Extend
the graph in each direction to make it complete.
Step 5: If B # 0, apply a vertical shift.
-
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