Lecture 28 - June 26

e 7.3 Trig Equations
e 8.1 Right Triangle Trigonometry; Applications

Upcoming Deadlines

e 7.1-4 Homework (June 29)
e 7.5-6 Homework (July 4)
e Final Exam (July 5)
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Example

Wednesday, June 20, 2018 9:35 PM

Checking Whether a Given Number Is a Solution
of a Trigonometric Equation

Determine whether # = Z—‘is a solution of the equation 2sinf) — 1 = 0. Is# = %

a solution?

T, : : :
Replace # by " in the given equation. The result is

T VE — .
2sin——1=2———-1=V2—-1#0
s.m4 > V

T .
We conclude that I 1s not a solution.

Next replace # by I? in the equation. The result 1s
)

rsin T —1=2.L-1=0
6 2

. : ) :
We conclude that —1s a solution of the given equation.

6 ]
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The equation given in Example 1 has other solutions besides # = ;—‘ For example,
S5t . . 137 ."
§ = — is also a solution, as is # = —. (You should check this for yourself.)
H )
In fact, the equation has an infinite number of solutions due to the periodicity of

the sine function, as can be seen in Figure 20 where we graph y = 2sin x — 1. Each
x-intercept of the graph represents a solution to the equation 2simnx — 1 = 0,

Figure 20 Vi

y=2sinx—1

Unless the domain of the variable is restricted, we need to find al/l the solutions
of a trigonometric equation. As the next example illustrates, finding all the
solutions can be accomplished by first finding solutions over an interval whose
length equals the period of the function and then adding multiples of that period to
the solutions found.
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Example

Wednesday, June 20, 2018 9:35 PM

Finding All the Solutions of a Trigonometric Equation

Solve the equation: cosf = 2

Give a general formula for all the solutions. List eight of the solutions.

Solution The period of the cosine function is 27. In the interval [0, 27), there

s 7T

are two angles # for which cos # = E: #=—and# = . See Figure 21. Because

B
I .

the cosine function has period 27, all the solutions of cos # = > may be given by the
general formula

S T 7 S Iw 117 13w 17«
3 3 37 3 3 37 3 3
K= — k=0 kK =1 —
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Example

Wednesday, June 20, 2018 9:35 PM

Solving a Linear Trigonometric Equation

Solve the equation: 2sin# + V3=0, 0=6<27

Solve the equation for sin 6.
2sinf + V3 =0

. A Sy -
2sinf = — V3 Subtract V3 from both sides.
. V3
sinf = — Divide both sides by 2.
2
: . V3 4
In the interval [0, 277), there are two angles # for which sin § = — 5 16 = —and
2
S . . 47 5w
§ = —. The solution set is 4 —, — ¢.
3 33 |
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Example

Wednesday, June 20, 2018 9:35 PM

Solving a Trigonometric Equation

Solve the equation: sin(20) = > 0=6 <27

In the interval [0, 247), the sine function equals 3 at % and Tﬁ See Figure 23(a). So, we
) )

o 7
know that 26 must equal — and o Here’s the problem, however. The period of

, 6
y = sin(20) is ;

complete two cycles, and the graph of y = sin(26) will intersect the graph of

= . So, in the interval [0, 27), the graph of y = sin(260) will

y = — four times. See Figure 23(b). There are four solutions to the equation

sin(260) = 3 in [0, 277). To find these solutions, write the general formula that gives

all the solutions.

‘ 5;
20 =L + 2k or 20 =20+ 2km kanyinteger
6 6
T 57
h =" + kn 0 =" 4 km Divide by 2.
o ot 2 *
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Then

T =117 S =T
=—=+(-1)m= k=~ =—+(-1)m=
IR T DT =
T T S St
H == + {] T = — k= H —_ - {] T = —
2O =5 o075
T 137 S 177
=—=+(1)m=— k=1 =—+(1)m=
o T )7 == RS, B
T 25 S 297
B=—— (7 =" k=2 H ="+ ()7 =
AT FIARAIT:
In the interval [0, 27), the solutions of sin(26) = : are § = — 9 o7 L0 = 137
c ' 1 - - - -
2 12 12° 127
177 57 137 17w
and # = 1—;— The solution set is { 12 1;. 'lj' D } We now know the graph of
_ ) 1 T 1 Sm 1 137 1 177 1
y = sin(2#) intersects y = Eat (E E) ( R E) ( TR 2) d( R 2) in the
interval [0, 277). OJ
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WARNING In solving a trigonometric equation for 8, 0 = 6 << 27, in which the argument is not #
(as in Example 4), you must write down all the solutions first and then list those that are in the

interval [0, 2). Otherwise, solutions may be lost. For example, in solving sin(26) = > if you merely

T Sar T Sy
write the solutions 260 = Eam:l 20 = E you will find only 6 = Eand = = and miss the other

solutions. ]
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Example

Wednesday, June 20, 2018 9:35 PM

Solving a Trigonometric Equation

Solve the equation: tan(H — g) =1, 0=0<2w

The period of the tangent function is 7. In the interval [0, 7), the tangent function

T : T :
has the value 1 when the argument is e Because the argument is f — JE in the given

equation, write the general formula that gives all the solutions.

T s
0 — — = — + k1 k any integer
2 4 i _'
37
g = 1 + kT

In the interval [0,27),60 = Y and 0 = + 7 = - are the only solutions,

37 T
Th luti ti .
e solution se 15{ 1 4}

-J
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Example

Wednesday, June 20, 2018 9:35 PM

Solving a Trigonometric Equation Quadratic in Form

Solve the equation: 2sin?6 — 3sinf + 1 =0, 0 =60 <27

This equation is a quadratic equation (in sin #) that can be factored.

2sin’f — 3sinf + 1 =0 2x° —3x +1=0, x=sinfh
(2sinf — 1)(sinf — 1) =0 (2x — )x—1) =0
2smbB —1=0 or sinh —1=0 Usethe Zero-Froduct Froperty.
1
n# = — inf =1
sin 5 or sin

Solving each equation in the interval [0, 277), we obtain

T S5 T
f =—, A= . H=—
6 6 2
. |l S5 o
The solution set is {—_. - ~—}+
6 6 2
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Example

Wednesday, June 20, 2018 9:35 PM

When a trigonometric equation contains more than one trigonometric function,
identities sometimes can be used to obtain an equivalent equation that contains
only one trigonometric function.

Solving a Trigonometric Equation Using Identities
Solve the equation: 3cosf + 3 =2sin”0, 0 =0 <27

The equation in its present form contains a sine and a cosine. However, a form of the
Pythagorean Identity, sin®# + cos?# = 1, can be used to transform the equation
into an equivalent one containing only cosines.

3cosh + 3 =2sin%6
3cos +3=2(1 —cos’B) sin“B=1—cos" 0

3cosf +3=2—2cos’H

2cos’# +3cosH +1=0 Quadratic in cos 8
(2cosf + 1)(cost + 1) =0 Factor.
2cosf +1 =10 or cosf) +1 =0 Use the Zero-Froduct Froperty.
CDSHZ—% or cos = —1

Solving each equation in the interval [0, 277), we obtain

) 2 4qr
The solution sehs{ 3 , T, 3 }
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Example

Wednesday, June 20, 2018 9:35 PM

Solving a Trigonometric Equation Using Identities
Solve the equation: cos’f +sinf =2, 0=6 <27

This equation involves two trigonometric functions, sine and cosine. Use a form of the
Pythagorean Identity,sin” # + cos># = 1, to rewrite the equation in terms of sin 6.

cos?f + sinf =2
(l — SII'IZ H) + Sll‘l 9 = 2 ;'_‘.Q;_:;E g =1 — t?-.'T"' il
sin®f —sinf +1 =0

This is a quadratic equation in sin #. The discriminant is b*> — dac = 1 — 4 =
—3 << (). Therefore, the equation has no real solution. The solution set is the empty

set, . ._]
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Example

Wednesday, June 20, 2018 9:35 PM

103. Blood Pressure Blood pressure i1s a way of measuring the
amount of force exerted on the walls of blood vessels. It 1s
measured using two numbers: systolic (as the heart beats)
blood pressure and diastolic (as the heart rests) blood
pressure. Blood pressures vary substantially from person to
person, but a typical blood pressure 1s 120/80, which means
the systolic blood pressure 1s 120 mmHg and the diastolic
blood pressure 1s 80 mmHg. Assuming that a person’s heart
beats 70 times per minute, the blood pressure P of an
individual after t seconds can be modeled by the function

. T
P(t) = 100 + 20 sm(Tr)

-

(a) In the interval [0, 1], determine the times at which the
blood pressure 1s 100 mmHg.

(b) In the interval [0, 1], determine the times at which the
blood pressure 1s 120 mmHg.

(c) In the interval [0, 1], determine the times at which the
blood pressure 1s between 100 and 105 mmHg,
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Right Triangle Trig

Wednesday, June 20, 2018 9:58 PM

Find the Value of Trigonometric Functions
of Acute Angles Using Right Triangles

A triangle in which one angle is a right angle (90°) is called a right triangle. Recall
that the side opposite the right angle is called the hypotenuse, and the remaining
two sides are called the legs of the triangle. In Figure 1(a). we have labeled the
hypotenuse as c¢ to indicate that its length 1s ¢ units, and, in a like manner, we have
labeled the legs as a and b. Because the triangle is a right triangle, the Pythagorean
Theorem tells us that

a + b=
In Figure 1(a), we also show the angle #. The angle # 1s an acute angle: that is,
0% < # < 90° for # measured in degrees and 0 < f < % for # measured in radians.

Place # in standard position, as shown in Figure 1(b). Then the coordinates of the
point P are (a, b). Also, P is a point on the terminal side of # that is on the circle

x? + y? = ¢% (Do you see why?)

Hypotenuse
c
b
6
a
(a) (b)
: Opposite b Hypotenuse ¢
sin ) = = = cscf = : =
Hypotenuse £ Opposite b
Adjacent Hypotenuse
cos f = J _ 4 sec = ,p. - (1)
Hypotenuse ¢ Adjacent a
Opposite b Adjacent a
tﬂﬂg:.—Z— Co{(ﬁj:—.:_
Adjacent a Opposite b

Notice that each trigonometric function of the acute angle 6 is positive.
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Hypotenuse |
Opposite

b

Adjacent to 6
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Example

Wednesday, June 20, 2018 9:58 PM

Opposite

b [
3

Finding the Value of Trigonometric Functions
from a Right Triangle

Find the exact value of the six trigonometric functions of the angle # in Figure 3.

We see in Figure 3 that the two given sides of the triangle are
¢ = Hypotenuse = 5, a = Adjacent = 3
To find the length of the opposite side, we use the Pythagorean Theorem.
(Adjacent)? + (Opposite)?> = (Hypotenuse)?
32 + (Opposite)? = 52
(Opposite)> =25 — 9 = 16
Opposite = 4

Now that we know the lengths of the three sides, we use the ratios in equations (1)
to find the value of each of the six trigonometric functions.

_ Opposite 4 Adjacent 3 Opposite 4
sin # = =— cosh = =— tanh=———"==
Hypotenuse 5 Hypotenuse 5 Adjacent
Hypotenuse 5 Hypotenuse 5 Adjacent 3

csc = . =— secH = . =— cotl =——=—
Opposite 4 Adjacent 3 Opposite 4
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Example
Wednesday, June 20, 2018 9:58 PM

Constructing a Rain Gutter

A rain gutter is to be constructed of aluminum sheets 12 inches wide. See Figure 4(a).
After marking off a length of 4 inches from each edge, the sides are bent up at an
angle 6. See Figure 4(b).

(a) Express the area A of the opening as a function of 6.
[Hint: Let b denote the vertical height of the bend.]

12in |

4in 4in 4in

(b)

(a) Look again at Figure 4(b). The area A of the opening is the sum of the areas of
two congruent right triangles and one rectangle. Look at Figure 4(c), which
shows the triangle on the right in Figure 4(b) redrawn. We see that

b
so a=4cost sinff =— so b=4sin#f

cos f = 1

=8

The area of the triangle is
1 . 1 | : .
area = E(base)(hmght) - Eﬂb - 5(4 cos #)(4 sin ) = 8sin # cos 6

So the area of the two congruent triangles is 16 sin # cos 6.
The rectangle has length 4 and height b, so its area is

4b = 4(4sin#) = 16 sin #
The area A of the opening is

A = area of the two triangles + area of the rectangle

A(#) = 16sinflcosH + 16sinf = 16sin H(cosH + 1)
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Complementary Angles

Wednesday, June 20, 2018 10:02 PM

Two acute angles are called complementary if their sum is a right angle. Because the
sum of the angles of any triangle is 180°, it follows that, for a right triangle, the two

acute angles are complementary.

Refer now to Figure 6. We have labeled the angle opposite side b as B and the
angle opposite side a as A. Notice that side b 1s adjacent to angle A and side a 1s

adjacent to angle B. As a result,

simnB=—=cos A

cscB=—=secA

o 0T

cos B =

sec B =

= sin A tan B=—=cot A

(2)

=csc A cotB=—=tan A

=N N N~
TR |

Because of these relationships, the functions sine and cosine, tangent and cotangent,
and secant and cosecant are called cofunctions of each other. The identities (2) may
be expressed in words as follows:

Complementary Angle Theorem

Cofunctions of complementary angles are equal.

B

Adjacentto B
opposite A

Adjacent to A
opposite B

Examples of this theorem are given next:

Complementary angles

sin 30° = cos 60°

1

Cofunctions

Complementary angles Complementary angles
tan 40° = cot 50° sec 80° = csc 10
Cofunctions Cofunctions

Complete Page 18



Example
Wednesday, June 20, 2018 10:02 PM

Using the Complementary Angle Theorem

(a) sin 62° = cos(90° — 62°) = cos 28°
T T T dm
b) t = cot| = — = cot
(b) tan - LD(Z 12) cO B
(c) sin?40° + sin®50° = sin? 40° + cos® 40° = 1

Y

sin 50" = cos 40°
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Solving Right Triangles

Wednesday, June 20, 2018 10:02 PM

To solve a right triangle, we need to know one of the acute angles A or B and a
side, or else two sides. Then we make use of the Pythagorean Theorem and the fact

that the sum of the angles of a triangle is 180°. The sum of the angles A and B in a
right triangle is therefore 90°.

For the right triangle shown in Figure 7, we have

c=a+b A+B=90°
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Example

Wednesday, June 20, 2018

10:05 PM

[ EXAMPLE 4 |

Solution

40°

Solving a Right Triangle
Use Figure 8. If b = 2 and A = 40° find a, ¢, and B.

Since A = 40° and A + B = 90°, it follows that B = 50°. To find the sides @ and ¢,

use the facts that
2
tan 40° = a and cos40° = —
2 c

Now solve for @ and c.

a = 2tan40° = 1.68

and ¢ =

evmmm=—NOW WorK prosLEM 29

( EXAMPLE 5 |

Solution

avoid round-off errors when

Solving a Right Triangle
Use Figure 9.If a = 3and b = 2, find ¢, A, and B.

Since @ = 3 and b = 2, then, by the Pythagorean Theorem, we have

C=ad+p=3¥+2=9+4=13
c=\V13 = 3.6l
To find angle A, use the fact that

3
1=

tan A = so A = tan~

3
2

Set the mode on your calculator to degrees. Then, rounded to one decimal place. we
find that A = 56.3°. Since A + B = 90°, we find that B = 33.7°. I
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Example
Wednesday, June 20, 2018 10:05 PM

Finding the Width of a River

A surveyor can measure the width of a river
by setting up a transit® at a point C on one
side of the river and taking a sighting of a
point A on the other side. Refer to Figure 10.
After turning through an angle of 90° at C,
the surveyor walks a distance of 200 meters
to point B. Using the transit at B, the angle 6
is measured and found to be 20°. What is the
width of the river rounded to the nearest
meter?

Figure 10

We seek the length of side b. We know a and
f. So we use the fact that b is opposite 6 and a
is adjacent to 6 and write

b
tan f = —
a

which leads to

b
tan 20° = ——
an 200

b = 200 tan 20° = 72.79 meters

The width of the river 1s 73 meters, rounded to the nearest meter.
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Example
Wednesday, June 20, 2018 10:05 PM

Finding the Inclination of a Mountain Trail

A straight trail leads from the Alpine Hotel, elevation 8000 feet, to a scenic
overlook, elevation 11,100 feet. The length of the trail is 14,100 feet. What is the
inclination (grade) of the trail? That is, what is the angle B in Figure 117

As we can see 1n Figure 11, we know the length of the side opposite angle B is
11,100 — 8000 = 3100 feet and the length of the hypotenuse is 14,100 feet. The

angle B obeys the equation

3100
14,100

sin B

Using a calculator,

3100
14,100

B = sin™! = 12.7°

The inclination (grade) of the trail is approximately 12.7°.

Hotel

é\ Overlook

H H H elevation

: 11,100 ft
Trail
14,100 ft

Elevation
8000 ft
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Angle of Elevation/Depression

Wednesday, June 20, 2018 10:05 PM

Vertical heights can sometimes be measured using either the angle of elevation
or the angle of depression. 1If a person is looking up at an object, the acute angle
measured from the horizontal to a line of sight to the object 1s called the angle of
elevation. See Figure 12(a).

. F .
Object o Horizontal
ﬁ | \{Angle of depression“
" Y

e 'N Angle of elevation

Horizontal

(a) (b)

If a person is standing on a cliff looking down at an object, the acute angle made
by the line of sight to the object and the horizontal is called the angle of depression.
See Figure 12(b).
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Example

Wednesday, June 20, 2018 10:05 PM

Finding the Height of a Cloud

Meteorologists find the height of a cloud using an instrument called a ceilometer. A
cellometer consists of a light projector that directs a vertical light beam up to the
cloud base and a light detector that scans the cloud to detect the light beam. See
Figure 13(a). On December 8,2010, at Midway Airport in Chicago, a ceilometer was
employed to find the height of the cloud cover. It was set up with its light detector
300 feet from its light projector. If the angle of elevation from the light detector to
the base of the cloud was 75°, what was the height of the cloud cover?

on base of clouds

75°
300 ft

(@) (b)

Figure 13(b) illustrates the situation. To find the height A. use the fact that

tan 75° = ﬁ SO

h = 300 tan 75° ~ 1120 feet
The ceiling (height to the base of the cloud cover) was approximately 1120 feet.
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Example

Wednesday, June 20, 2018 10:05 PM

Finding the Height of a Statue on a Building

Adorning the top of the Board of Trade building in Chicago is a statue of Ceres, the
Roman goddess of wheat. From street level, two observations are taken 400 feet
from the center of the building. The angle of elevation to the base of the statue is

found to be 55.1° and the angle of elevation to the top of the statue is 56.5°. See
Figure 14(a). What is the height of the statue?

56.5° -
400 ft 400 ft
(b)

Figure 14(b) shows two triangles that replicate Figure 14(a). The height of the statue
of Ceres will be b' — b.To find b and b’. refer to Figure 14(b).

b b'
55.1° = — an 56.5° = —
tan 55.1 200 tan 56.5 200
b = 400 tan 55.1° = 573.39 b" = 400 tan 56.5° = 604.33

The height of the statue is approximately 604.33 — 573.39 = 30.94 feet ~ 31 feet.
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