Lecture 20 - June 13

e 6.2 sin/cos/tan

Upcoming Deadlines

e 6.1-2 Homework (June 15)
* 6.3-6 Homework (June 20)
e Exam 3 (June 21)
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The Unit Circle

Let’s describe this process another way. Picture a string of length s = |t| units
being wrapped around a circle of radius 1 unit. We start wrapping the string around
the circle at the point (1,0). If £ = 0, we wrap the string in the counterclockwise
direction: if t < 0, we wrap the string in the clockwise direction. The point
P = (x, y) is the point where the string ends.

This discussion tells us that, for any real number 7, we can locate a unique point
P = (x, y) on the unit circle. We call P the point on the unit circle that corresponds
to . This is the important idea here. No matter what real number 7 is chosen, there is
a unique point P on the unit circle corresponding to it. We use the coordinates of the
point P = (x. y) on the unit circle corresponding to the real number ¢ to define the
six trigonometric functions of 1.

P=(xy)
I.' s = tunits

s = tunits

0 X —1

\
",. s = |t| units
P=(x,y)
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Sin, Cos, Tan

Let ¢ be a real number and let P = (x, y) be the point on the unit circle that
corresponds to {.

The sine function associates with 7 the y-coordinate of P and is denoted by

sint =y

The cosine function associates with 7 the x-coordinate of P and is denoted by

Cosl = X

If x # 0, the tangent function associates with 7 the ratio of the y-coordinate to
the x-coordinate of P and is denoted by

tant = —
X
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Example

—
1 V3
27 2

corresponds to f. Find the values of sin 7, cos f, tan £, csc f, sec £, and cot ¢.

Let r be a real number and let P = ( ) be the point on the unit circle that

See Figure 19. We follow the definition of the six trigonometric functions, using

P = (—l V:’) = (x.y). Then. with x = L and y = 3 we have
2. 2 . V). . ) b ¥y ) . ¢
V3
—
. V3 | y 2 s
fr = = = T — — e = e = e——— 3
sint =y 5 cost = x 5 tan ¢ P _l Y,
2
- };‘h LA F A RT R LY
P= l;_—%~ 7)
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Trig Functions of Angles

Trigonometric Functions of Angles

Let P = (x, y) be the point on the unit circle corresponding to the real number 1.
See Figure 20(a). Let 6 be the angle in standard position. measured in radians, whose
terminal side is the ray from the origin through P and whose arc length is [f|. See
Figure 20(b). Since the unit circle has radius 1 unit, if s = [f| units, then from the arc
length formula s = rf, we have # = t radians. See Figures 20(c) and (d).

Vi ¥y ¥ Vi
1 1 1 s = funits,

P=(x yf' f P=(xy) f P=yC | N\ =0 / 0 ¢ radians
(1,0) N (1,0) / 9= Irladlans | \(1,0)

_1\ X Y T x -1 J1,0) % -1 X
s = || units,
/ \/ \_ _/ \ B / t=0

—1 —1 —1 -1 PLxy)
(a) (b) (c) (d)

The point P = (x, y) on the unit circle that corresponds to the real number 1 is
also the point P on the terminal side of the angle # = ¢ radians. As a result, we can

say that
sint = sin#

Eeal number # = tradians
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Example

Finding the Exact Values of the Six Trigonometric Y}
Functions of Quadrantal Angles 1|
Find the exact values of the six trigonometric functions of: ,/ \P= (1.0)
- -1\ o =[0=1071
(a) #=0=0° (b) § = — = 90° -/
2 3
- o 3 0 (a)
() # = m = 180 (d) 6 == =270
F- h
(a) The point on the unit circle that corresponds to # = 0 = 0%is P = (1,0). See 1 .‘P= (0. 1_3 T
Figure 21(a). Then /4 >\’ =7
-1\‘\.
] L
sin =sin0° =y=20 cos =cos0” = x =1 —1|\ /+1
(b) The point on the unit circle that corresponds to # = ; =90%is P = (0.1). See -1
Figure 21(b). Then - (b)
sin% =sin90° =y =1 cos% =cosN°=x=0 J’;‘
7 T - L. B =T =
Since the x-coordinate of P is 0, tan % and secE are not defined. 1. D}ﬁ/ \\T
—11 1
(c) The point on the unit circle that corresponds to # = 7 = 180 is P = (—1,0). \ /
See Figure 21(c). Then ar
sin 7 = sin 180° = y = 0 cos m = cos 180° = x = —1 (c)
tono _ Y . 1 .
tan 7 = tan 180° === 0 secm = sec 180° = — = —1 ¥
X X 1| @ =%I =
37 1
(d) The point on the unit circle that corresponds to # = = 270%is P = (0, —1). ﬁ “’(

See Figure 21(d). Then

37 37
sin% — §in270° = y = —1 cos% = c0s270° = x = 0

37

) ) i 3 .
Since the x-coordinate of P is 0, tan 7” and sec are not defined.
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Results of the Example

Table 2
Quadrantal Angles
# (Radians) ) (Degrees) sinf cos tant
0 o° 0 1 0
% 90° 1 0 Not defined
w 180" 0 =1 0
32“ 270° =) 0 Not defined
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Example

Finding Exact Values of the Trigonometric Functions
of Angles That Are Integer Multiples of Quadrantal Angles

Find the exact value of:

(a) sin(37) (b) cos(—2707)

(a) See Figure 22(a). The point P on (b) See Figure 22(b). The point P on
the unit circle that corresponds the unit circle that corresponds
to =37 18 P=(-1.0), so to #=-270° 158 P=(0,1), so
sin(37) = y = 0. cos(—270%) = x =10.

Figure 22

¥ ¥
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45 Degree Angles

Finding the Exact Values of the Trigonometric

Functions uf% = 45°

V= x see Why” dince ¥ = 437 = —+YU", I must lie on the line that bisects quadrant 1.)
y . -
1 Since P = (x. y) also lies on the unit circle, x> + y*> = 1. it follows that
/ P=(xy)
1457 2 )
] w— T x*+y =1
// v 2
/ x“+xt =1
T 2, 2
S =T x+yt=1 247 =1
= i
1 2 /2
=52 Y"1
Then
V2
. T L V2 T _ V72 T 2
sin— = sin 457 = cos — = cos 457 = tan — = tan 45° = — =
4 2 4 2 A V2
2
V2
T _ 1 ~ T l ~ ™ . 2
csc— =c¢scd5’ =——== V2 sec— =sec4dS  =——== V2 cot— = cot45° = ——= =
4 2 4 V2 V2
2 2 2
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Example

Finding the Exact Value of a Trigonometric Expression

Find the exact value of each expression.
(a) sin 45° cos 180°

o 37
b) tan— — sin —
(b) tan 1 sin 5
7 \2 -
(c) (SEC I) +eses
e —
V2 V2
(a) sin 45° cos 180° = —=+(~1) = ——
T -
From Example 4 From Table 2
(b) tan 7 — sin "; —1-(-1)=2
1 I
From Example 4 From Table 2
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30 and 60 Degree Angles
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Example

Finding the Exact Values of the Trigonometric

Functions t:)fE = 60°

. o . . T
Find the exact values of the six trigonometric functions of % = 60°.
2

Position the triangle in Figure 24(c) so that the 60° angle is in standard position.

See Figure 25. The point on the unit circle that corresponds to # = g = 60" is
— D
1 V3
P = (E,\/T).Then
LT ..E,_\/’E T o1
sin 3" sin 607 = 5 cos 1T cos 607 = >
, 1 2 2V3 7 1
cscz =cschH0’ = —=—+= v sec— =secbHb0® =—=2
3 'v’-} V3 3 3 i
B 2
V3 1
e = . a S
2 T 2 | 3
tan— = tan 60° = —— = '\/fj cot—=cotb6))’ = —=—x= Vv
z l 3 \/‘3 \/3 3
2 2
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Example
Finding the Exact Values of the Trigonometric

Functions of% = 30°

Find the exact values of the trigonometric functions ofl—‘. = 30°.
3l

Position the triangle in Figure 24(c) so that the 30° angle 1s in standard position.

. : L T :
See Figure 26. The point on the unit circle that corresponds to # = i 30° 1s
/- J
31
P = (V— —).Then

2 2
: 1 . /3
sin% = sin 30° = 5 cos% = cos 30° = \!T
; 1 : 1 2 2\V3
csc— = csc30° = — =2 secz_zsec'}(lcz e V2
6 i 5 V3 V3 3
2 2
1 V3
: 2 1 /3 . 2 —~
tanzztani%{]':”: === = v coti_zcotfi()c:_—z V3
V3o vV3 3 b 1
2 2
(54
272
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Results

# (Radians) 0 (Degrees) sin 0 cosf tan ¢
- 60° \”f % V3
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Multiples of 45

Finding Exact Values for Multiples of% = 45°

Find the exact value of each expression.

5 i ] l l’iT
(a) CDSTT (b) sin 135° (c) tan 315°  (d) sin(—g) (e) cos 2
A S S ~
: . 2 2 S
(a) From Figure 28, we see the point (— — v ) corresponds to , SO
s /7 2 2 4
s
COs—= = X = ———.
- A/ ey
37 V2 V2
(b) Since 135° = j. the point (—7 T) corresponds to 135° so
A /=
. V
1357 = ——.
sin 5
a S o
: T : 2 2
(c) Since 315° = TT the point (VT—%) corresponds to 315° so
V2
tan 315° = ,2_ = —1
\ -
2
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Multiples of 30
Figure 3U

Finding Exact Values for Multiples of% = 30° or g = 60°

Based on Figures 29 and 30, we see that

] V3 0
(a) cos210° = cos ?; = \2[ (b) sin(—60%) = sin(—j
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Circle of Radius r

- - H\-, || | -

| ] "1 'r x
}'\ / J

X% +y?=1

/ 2

22—y

Until now, finding the exact value of a trigonometric function of an angle # required
that we locate the corresponding point P = (x, y) on the unit circle. In fact, though,
any circle whose center is at the origin can be used.

Let # be any nonquadrantal angle placed in standard position. Let P = (x. y)
be the point on the circle x> + y*> = r? that corresponds to #, and let P* = (x*, y*)
be the point on the unit circle that corresponds to . See Figure 32, where # is shown
in quadrant II.

Notice that the triangles OA*P* and QAP are similar: as a result. the ratios of
corresponding sides are equal.

yr_y X _x oyt vy
1 I 7 x*  x
r_rr L _r ¥ _x
Y5y ox* x oyt oy

These results lead us to formulate the following theorem:

For an angle # in standard position, let P = (x. y) be the point on the terminal
side of # that is also on the circle x> + y2 — & [hen

sin f = cos f = tan 8 = N1

x =0 cotl =

= w ow =

csch = y#0 sec f = y#0

R T T
e
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Example

Finding the Exact Values of the Six Trigonometric Functions

Find the exact values of each of the six trigonometric functions of an angle # if
(4, —3) is a point on its terminal side in standard position.

See Figure 33. The point (4, —3) is on a circle of radius r = \/4% + (=3)°
V16 + 9 = /25 = 5 with the center at the origin.
For the point (x, y) = (4, —=3),we have x = 4and y = —3. Since r = 5, we find

3

y
tanf = —= ——
an X 4

sinﬂziz—— CDSH=£—
r 5 r

IS)
|
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