Lecture 22 - June 15

e 6.3 Trig Properties

Upcoming Deadlines

e 6.1-2 Homework (June 15)
* 6.3-6 Homework (June 20)
e Exam 3 (June 21)
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Domain of Trig Functions

(=1.0 1.0) x

(0, 1)

Let 6 be an angle in standard position, and let P = (x, y) be the point on the unit
circle that corresponds to 6. See Figure 35. Then, by the definition given earlier,

sinfl =y cosf) = x tan9=£ x =0
| 1 1

csch=— y=#0 secl =— x =0 cotd =— y#0
¥ X ¥

For sin 6 and cos 0, there is no concern about dividing by 0, so # can be any
angle. It follows that the domain of the sine function and cosine function is the set of
all real numbers.

The domain of the sine function is the set of all real numbers.

The domain of the cosine function is the set of all real numbers.
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For the tangent function and secant function, the x-coordinate of P = (x, y)
cannot be 0 since this results in division by 0. See Figure 35. On the unit circle, there
are two such points, (0, 1) and (0. —1). These two points correspond to the angles
3

%(90") and 5 (270”) or, more generally, to any angle that is an odd integer multiple
[l 3 i SJ
of%(%“), such as j:g(:tQDD), + ; (£270°), + ;(ﬂﬁoﬂ), and so on. Such angles

must therefore be excluded from the domain of the tangent function and secant
function.

The domain of the tangent function is the set of all real numbers, except
odd integer multiples of g (S

The domain of the secant function is the set of all real numbers, except
(00

'l

2

odd integer multiples of

For the cotangent function and cosecant function, the y-coordinate of P = (x, y)
cannot be 0 since this results in division by 0. See Figure 35. On the unit circle, there
are two such points, (1,0) and (—1.0). These two points correspond to the angles
0(0”) and #(180”) or, more generally, to any angle that 1s an integer multiple of
m(1807), such as 0(0”), £ (£180"), £27(£3607). £37(+540). and so on. Such
angles must therefore be excluded from the domain of the cotangent function and
cosecant function.

The domain of the cotangent function is the set of all real numbers,
except integer multiples of 7 (1807).

The domain of the cosecant function is the set of all real numbers, except
integer multiples of 7 (180°).

Complete Page 3



For the cotangent function and cosecant function, the y-coordinate of P = (x, y)
cannot be 0 since this results in division by 0. See Figure 35. On the unit circle, there
are two such points, (1,0) and (—1,0). These two points correspond to the angles
0(0”) and 7(1807) or, more generally, to any angle that 1s an integer multiple of
7 (180%), such as 0(07), £7(£180"), £27(£360°), £37(£540"), and so on. Such
angles must therefore be excluded from the domain of the cotangent function and
cosecant function.

The domain of the cotangent function is the set of all real numbers,
except integer multiples of 7 (1807).

The domain of the cosecant function is the set of all real numbers, except
integer multiples of 77(1807).
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Range of Trig Functions

¥
0, 1)

(=1,0 1.0) X

=1 ==zl = i =] =cosf = 1

The range of both the sine function and the cosine function consists of all real
numbers between —1 and 1, inclusive. Using absolute value notation, we have
lsinf| = 1 and |cos O] = 1.
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If 0 1s not an integer multiple of 7(1807), then csc 6 = l Since y = sin # and

1 1 Y | |

ly| = |sin @] = 1, it follows that [cscf| = ——=— =1 (— = —lor—= 1)*
| sin 6 |yl y y

Since csc O = ; the range of the cosecant function consists of all real numbers less

than or equal to —1 or greater than or equal to 1. That 1s,

csch=—-1 or cscO=1

If 0 1s not an odd integer multiple Of% (907), then sec O = % Since x = cos # and

x| = |cos O] = 1. it follows that [sec ] = 1 = = 1 (l = -1 orl = 1).

|cos 0| - x| X X
1

Since sec § = —, the range of the secant function consists of all real numbers less
x

than or equal to —1 or greater than or equal to 1. That is,

secl = -1 or secf=1

The range of both the tangent function and the cotangent function is the set of
all real numbers.

—00 < tan f < o0 —00 < cotf < o0

You are asked to prove this in Problems 121 and 122.
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Summary

Function Symbol Domain Range
sine f(8) = sinf All real numbers All real numbers from —1 to 1,inclusive
cosine f(#) = cos# All real numbers All real numbers from —1 to 1, inclusive
- : s
tangent f(#) = tan# All real numbers, except odd integer multiples of ;(90 ) All real numbers
cosecant f(#) = csch All real numbers, except integer multiples of 7(180°) All real numbers greater than or equal to
1 or less than or equal to —1
3 . o
secant f(#) = sech All real numbers, except odd integer multiples of 3(90") All real numbers greater than or equal to
1 or less than or equal to —1
cotangent f(#) = coth All real numbers, except integer multiples of 7(1807) All real numbers

Complete Page 7




Periodic Properties

[

If we add (or subtract) integer multiples of 27 to 8, the values of the sine and
cosine function remain unchanged. That is, for all 6

sin(f + 27k) = sin 6 cos(0 + 2wk) = cos 0

where k is any integer.

(1)

Functions that exhibit this kind of behavior are called periodic functions.

A function f is called periodic if there is a positive number p such that,
whenever 6 is in the domain of f.sois # + p, and

(0 + p) = f(9)

If there is a smallest such number p, this smallest value is called the
(fundamental) period of f. _J

Periodic Properties

sin(@ + 27r) = sin@ cos(@ + 27) = cos® tan(@ + ) = tan 6
csc(0 + 27) = csc O sec(f + 27w) = secO cot(f + w) = cotl
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Example

Finding Exact Values Using Periodic Properties

Find the exact value of:

177 5
4T (b) cos(57) (c) tan Tﬂ

(a) sin

(a) Itis best to sketch the angle first, as shown in Figure 38(a). Since the period of

the sine function is 277, each full revolution can be ignored. This leaves the
T
angle I.Then

sin ik = s.in(E + 4 ) = sinE = V2
4 g 7 4 2

(b) See Figure 38(b). Since the period of the cosine function is 27, each full
revolution can be ignored. This leaves the angle 7. Then

cos(57) = cos(m + 47) = cos 7 = —1

(¢) See Figure 38(c). Since the period of the tangent function is 7, each half-revolution

. . o
can be ignored. This leaves the angle —. Then

4
t o7 t (Tr+ ) tan — = 1
an — = tan{ — o = lan — =
4 4 4
Ya ¥i
—. 0 = 577 -H:%_'—'
ﬁ%ﬁ - \I

s ¥
71
\N

|

\‘\

¥

(a) (b) (c)
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Signs of Trig Functions

Let P = (x, y) be the point on the unit circle that corresponds to the angle 0. If we
know in which quadrant the point P lies, then we can determine the signs of the
trigonometric functions of 6. For example, if P = (x, y) lies in quadrant IV, as
shown in Figure 39, then we know that x > 0 and y < 0. Consequently,

sinfl =y < 0 cosf) = x =0 tanH:%iﬁO
| 1 X

cscH =— <0 sec = — =0 cot = — <0
y X y

Table 5 lists the signs of the six trigonometric functions for each quadrant. See
also Figure 40.

Quadrant of P sin#, csc cos 6, sech tan 0, cot f
I Positive Positive Positive
Il Positive Negative Negative
Il Negative Negative Positive
v Negative Positive Negative
y -
y sine
(=, +) | (+, +) ~ = x  cosecant
sing>0,csc6 >0 All positive
others negative
Y
cosine
57 3 x secant
(=, =) WV (+ =)
tan6 >0,cot6>0 | cos6>0,seco>0 s ¥
others negative others negative v tangent

x cotangent
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Pythagorean Identities

The equation of the unit circle is x* + y* = 1 or, equivalently.

vi+ X2 =1

If P = (x,y) is the point on the unit circle that corresponds to the angle 6, then
y = sin # and x = cos #, so we have

(sin #)* + (cos H)* = 1 (4)

It is customary to write sin? # instead of (sin #)?, cos® § instead of (cos 6)%, and
so on. With this notation, we can rewrite equation (4) as

sin?f + cos?f = 1 (5)

If cos # # 0. we can divide each side of equation (5) by cos® 6.
sin®f  cos’ 6 1

cos 0 cos® 0 cosZ f

(sin9)2+l_( 1 )2
cos ~ \cos b

Now use identities (2) and (3) to get

tan’6 + 1 = sec’ 6 (6)

Similarly, if sin @ # 0, we can divide equation (5) by sin? # and use identities (2)
and (3) to get 1 + cot’ 8 = csc? B, which we write as

cot?® + 1 = csc? 6 (7)

Collectively, the identities in (5), (6), and (7) are referred to as the Pythagorean
identities.
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Example

Finding the Exact Value of a Trigonometric Expression
Using ldentities

Find the exact value of each expression. Do not use a calculator.

sin 20° .o T 1
a) te T - — +
(a) tan 20 o 20° (b) sin 2 T
12
) sin 20° ) )
(a) tan20° — ——— = tan 20° — tan 20° = 0
cos 20° T
SN H
= tan #
cos
T 1 T T
b) sin?— + —— = sin*— + cost— = |
(b) 12 seczi 12 12
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Example
When using identities, sometimes a rearrangement is required. For example, the
Pythagorean identity
sin?f + cos? 6 = 1
can be solved for sin # in terms of cos f (or vice versa) as follows:
sinf = 1 — cos>#
PR
sinf = £\/1 — cos* 0
where the + sign is used if sin # > 0 and the — sign is used if sin 8 << 0. Similarly,

in tan”# + 1 = sec? 6, we can solve for tan f (or sec §), and in cot> + 1 = csc? 6,
we can solve for cot 6 (or csc ).

Finding Exact Values Given One Value and the Sign of Another

Given that sin 8 = — and cos 6 < 0, find the exact value of each of the remaining
2

five trigonometric functions.

(Method 1)
Since x = —2V/2, y = l.and r = 3, we find that
2V2 1 V2
cosl =— = —— tanf = — = — = ———
3 X -2V2 4
3 3 3\V2 —2V2 -
csc9=£=—=3 sec9=£= K_Z—LQ cot9=£= 2_\/22—2'\/"(2
y 1 S AYY) 4 y l
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(Method 2)

First. solve the identity sin>6 + cos?f = 1 for cos 6.
sin# + cos” 6§ = 1
cos’# =1 —sin’6
cos = i\/l — sin’ @
Because cos # << 0, choose the minus sign and use the fact that sin 6 = %
.’1_—l _ I."IE . 2.\;,-5
Vo 3

cosf = —\/1 —sin?h = —\ 9=
|
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Example

Given the Value of One Trigonometric Function and the Sign
of Another, Find the Values of the Remaining Ones

: 1 : : -
Given that tan 0 = 5 and sin @ << 0, find the exact value of each of the remaining

five trigonometric functions of 6.

Because we know the value of tan 6, we use the Pythagorean identity that involves

. . 1 . L
tan 0. that 1s. tan>6 + 1 = sec?#. Since tanf = — > 0 and sin 0 < 0, then @ lies In

) 2
quadrant 111, where sec 8 < 0.
tan’# + 1 = sec?f Pythagorean identity
1 2 .
(—) + 1 =sec? 6 tanf = —
2 2
5 | 5 ) .
sec“0 = — + 1 = — Proceed to solve for sec b,
4 4
A S
V'3 .
sec = ——— sec < O
2
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Even-Odd Properties
Vi

Recall that a function f is even if f(—60) = f(#) for all 8 in the domain of f: a
function f i1s odd if f(—60) = —f(0) for all # in the domain of f. We will now show
that the trigonometric functions sine, tangent, cotangent, and cosecant are odd
functions and the functions cosine and secant are even functions.

Even-0dd Properties

sin(—0) = —sin 0 cos(—0) = cos 0 tan(—6) = —tan 6
csc(—#) = —csc sec(—0) = secH cot(—6) = —cot 8

)

Proof Lct P = (x, y) be the point on the unit circle that corresponds to the angle
f. See Figure 43. Using symmetry, the point Q on the unit circle that corresponds to
the angle —6 will have coordinates (x, —y). Using the definition of the trigonometric
functions, we have

sinfl =y sin(—#) = —y cost = x cos(—#) = x
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SO
sin(—0) = —y = —sin 0 cos(—f) = x = cos 0

Now, using these results and some of the fundamental identities, we have

sin(—0)  —sin 4 1 1
- = —tan # cot(—0) = - = —cot f
cos(—#H) cos o cot(=#) tan(—6) —tan6 0

l 1 1 l
cos(—0) _ cosf sec csc(—0) =

tan(—6) =

sec(—0) =

Sn(—0)  —sing Y
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Example

Finding Exact Values Using Even-Odd Properties

Find the exact value of:

(a) sin(—45°) (b) cos(—) © Cm(_ 317) @ mn(_ 37,17)

2 4
—
. - : 2 |

(a) sin(—45") = —sin45” = _VT (b) cos(—m) = cos7m = —1
I I
Odd function Even function

) t(—B—W)— - tB—w—D
(c) co 5 )= co 5~

Odd function

3 i :‘ ] i
(d) tan(—%) = —tan i —tan(% + 911') = —tan% = —1
T i

Odd function Feriod is .
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