Lecture 18 - June 8

e 5.6 Exponential and Logarithmic Equations

Upcoming Deadlines

e 5.1-4 Homework (TODAY)
e 5.5-6 Homework (June 10)
e Exam 2 (June 11)

e 6.1-2 Homework (June 15)
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Solving Logarithmic Equations

1 Solve Logarithmic Equations

In Section 5.4 we solved logarithmic equations by changing a logarithmic expression
to an exponential expression. That is, we used the definition of a logarithm:

y = log, x isequivalentto x = a’ a=>0,a#1

Iflog, M = log, N,then M = N M., N, and a are positive and a # 1.

Solving a Logarithmic Equation

Solve: 2logs x = logs 9
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Example

Solving a Logarithmic Equation

Solve: logs(x + 6) + logs(x + 2) = 1
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Example

Solving a Logarithmic Equation

Solve: Inx = In(x +6) — In(x — 4)
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Solving Exponential Equations

2 Solve Exponential Equations

In Sections 5.3 and 5.4, we solved exponential equations algebraically by expressing
each side of the equation using the same base. That 1s, we used the one-to-one
property of the exponential function:

Ifa" = a", thenu = v a>0a+1

Solving Exponential Equations
Solve: (a) 2* =5 (b) 8-3* =35
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Example

Solving an Exponential Equation

—
Solve: 5%72 = 33**2
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Example

Solving an Exponential Equation That Is Quadratic in Form
Solve: 4% —2* —12 =10

We note that 4* = (22)" = 209 = (2“‘)2, so the equation is quadratic in form, and
we can rewrite it as

(21)2 —2*—12=0 letu = 2% then L_I:':' —u — 1

S

Now we can factor as usual.
2" =42 +3)=0 (u—4)u+3)=0
2* —4 =0 or 2*+3=10 u—4=0 o

T =4 2=-3  u=2=4 u=2=-3

t

The equation on the left has the solution x = 2, since 2* = 4 = 2% the equation on the
right has no solution,since 2* > 0 for all x. The only solution is 2. The solution setis {2}.
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Example: Population

97. A Population Model The resident population of the
United States 1n 2008 was 304 million people and was
growing at a rate of 0.9% per year. Assuming that this
erowth rate continues, the model P(t) = 304(1.009)" %8
represents the population P (in millions of people) in year 1.
(a) According to this model, when will the population of
the United States be 354 million people?

(b) According to this model, when will the population of the
United States be 416 million people?

Source: Statistical Abstract of the United States, 125th ed., 2009
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Example: Interest

Simple Interest Formula

If a principal of P dollars is borrowed for a period of ¢ years at a per annum
interest rate r, expressed as a decimal, the interest / charged is

I — Pr (1)

Interest charged according to formula (1) is called simple interest. _l

In working with problems involving interest, we define the term payment
period as follows:

Annually: Once per year Monthly: 12 times per year
Semiannually: Twice per year Daily: 365 times per year*
Quarterly: Four times per year

When the interest due at the end of a payment period is added to the principal
so that the interest computed at the end of the next payment period is based on this
new principal amount (old principal + interest). the interest is said to have been
compounded. Compound interest is interest paid on the principal and previously
earned interest.

Compound Interest Formula

The amount A after 1 years due to a principal P invested at an annual interest
rate r compounded n times per year is

nt
AzP-(-Hi) )

n

i

Continuous Compounding

The amount A after 7 years due to a principal P invested at an annual interest
rate r compounded continuously is

A = Pe" 4)

)
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Example: Finance

One thousand dollars is deposited in a savings account where the interest is compounded
continuously. After 3 years, the balance will be $1396.15. When will the balance be $1773.93?
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Example

How long will it take to triple the money invested in an account with continuously
compounded interest?
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Radioactive Decay
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Radioisotope = Symbol Radiation  Half-life Use
Tritium 31'1 B~ 12.33 years Biochemical tracer
Carbon-14 be B 5730 years Archaeological dating
Phosphorus-32 351’ B 1426 days Leukemia therapy
Potassium-40 ;‘EK p- 128 x 10° years  Geological dating
Cobalt-60 St B” 5.27 years Cancer therapy
Technetium-99m* 9921& ¥ 6.01 hours Brain scans
Iodine-123 1:31 ¥ 1327 hours Thyroid therapy
Uranium-235 23311 a,y 7.04% 10° years  Nuclear reactors

Uninhibited Radioactive Decay

The amount A of a radioactive material present at time 7 is given by

Aft)=Age® k<0 3)

where A is the original amount of radioactive material and k is a negative
number that represents the rate of decay.
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Uninhibited Radioactive Decay

The amount A of a radioactive material present at time 7 is given by

A(t) = A k<0 3)

where A, is the original amount of radioactive material and k is a negative
number that represents the rate of decay.

All radioactive substances have a specific half-life, which is the time required for
half of the radioactive substance to decay. In carbon dating, we use the fact that all
living organisms contain two kinds of carbon, carbon 12 (a stable carbon) and carbon 14
(a radioactive carbon with a half-life of 5600 years). While an organism is living, the
ratio of carbon 12 to carbon 14 is constant. But when an organism dies, the original
amount of carbon 12 present remains unchanged, whereas the amount of carbon 14
begins to decrease. This change in the amount of carbon 14 present relative to the
amount of carbon 12 present makes it possible to calculate when the organism died.
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Example

Traces of burned wood along with ancient stone tools in an archeological dig in Chile
were found to contain approximately 1.67% of the original amount of carbon 14. If
the half-life of carbon 14 is 5600 years, approximately when was the tree cut and
burned?

%Ao = A ek(5600)
% _ 5600k
5600k = In L
2
_ ! 111l ~ —0.000124
5600 2

If the amount A of carbon 14 now present is 1.67%
follows that

0.0167A4, = Aye 000124

0.0167 = ¢ 0000124 Divide both sides
—0.000124t = In 0.0167 Rewrite as a loga
In 0.0167

~0.000124
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Example

12. Estimating the Age of a Fossil A fossilized leaf contains
70% of 1ts normal amount of carbon 14. How old 1s the
fossil?
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Example

21. Radioactivity from Chernobyl After the release of
radioactive material into the atmosphere from a nuclear
power plant at Chernobyl (Ukraine) in 1986, the hay in
Austria was contaminated by 1odine 131 (half-life 8 days).
[f 1t 1s safe to feed the hay to cows when 10% of the 1odine
131 remains, how long did the farmers need to wait to use

this hay?
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