Lecture 1/ -June /

e 5.5 Properties of Logarithms

Upcoming Deadlines

e 5.1-4 Homework (June 8)
e 5.5-6 Homework (June 10)
e Exam 2 (June 11)

e 6.1-2 Homework (June 15)
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Properties 1

Establishing Properties of Logarithms
(a) Show that log, 1 = 0. (b) Show that log,a = 1.

(a) This fact was established when we graphed y = log, x (see Figure
To show the result algebraically, let y = log, 1. Then

y = log, 1
a’ =1 Change to an exponential statement.
a = Hﬂ a’ =1sincea > 0,a # 1
y=20 Solve for v,
log, 1 =0 y = log, 1

(b) Let y = log, a. Then

y = log,a
a’ = a Change to an exponential statement.
a’ = a = a
y = ] Solve for y.
log,a =1 = log, a
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Properties 2

Properties of Logarithms

In the properties given next, M and a are positive real numbers,a # 1, and r 1s
any real number.

The number log, M is the exponent to which @ must be raised to obtain M.
That 1s,

angﬂM — M {1)

The logarithm to the base a of a raised to a power equals that power. That is,

logga” = r (2)

1

The proof uses the fact that y = a* and y = log, x are inverses.

Proof of Property (1) For inverse functions.
f(fY(x)) = x forall x in the domain of f~!
Using f(x) = a* and f'(x) = log, x. we find
f(f Yx)) = ad°%* =x forx =0

Now let x = M to obtain @"°%™ = M. where M = 0. =

Proof of Property (2) For inverse functions.
FHf(x)) = x forall x in the domain of f
Using f(x) = a*and f '(x) = log, x. we find
Y (f(x)) = log,a" = x for all real numbers x

Now let x = r to obtain log, a" = r, where r 1s any real number. u
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Properties 3

Properties of Logarithms

In the following properties, M, N, and a are positive real numbers,a # 1, and r
is any real number.

The Log of a Product Equals the Sum of the Logs

log,(MN) = log, M + log, N (3)

The Log of a Quotient Equals the Difference of the Logs

M
ioga(ﬁ) = log, M — log, N 4)

The Log of a Power Equals the Product of the Power and the Log

log, M" = rlog, M (5)

at = e* Ina (6)
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Proof of Property (3) Let A = log, M and let B = log, N. These expressions are
equivalent to the exponential expressions

a*=M and a® =N

Now
log,(MN) = log,(aa®) = log, a"*8 Law of Exponents
= A+ B Property (2) of logarithms
= log, M + log, N -

Proof of Property (5) Let A = log, M. This expression is equivalent to
at =M
Now
log, M" = log,(a™)" = log, a™*  Law of Exponents

=rA Property (2) of logarithms

=rlog, M m
Proof of Property (6) From property (1), with a = e, we have

eln M _ M

Now let M = a* and apply property (5).

In a*
e — Etlna = a°
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Examples

Writing a Logarithmic Expression as a Sum of Logarithms

. 2 - .
Write logﬂ,(x\/ X+ l). x = 0, as a sum of logarithms. Express all powers as factors.

/ . / . .
logg(x\/ %% + 1) = log, x + log, \/ x> + 1 log,(M-N) = log, M + log, N

— log, x + logy(x* + 1)"?

1
= log, x + Elﬁgﬂ(.ls:2 + 1) logsM = rlog, M

Writing a Logarithmic Expression as a Difference of Logarithms

Write
2
X
In——— x = |
(x = 1)°
as a difference of logarithms. Express all powers as factors.
2
]nﬁ = Inx*—In(x—1) =2Inx —3In(x — 1)
x —

Complete Page 6



Writing a Logarithmic Expression as a Sum
and Difference of Logarithms

Write =
lga\{x +_1 x>0
(x + 1)}
as a sum and difference of logarithms. Express all powers as factors.
V2 1 j— - |
0gq Px+ 1) = log, Vx° + 1 — log,[x"(x + 1)7] Property (4)

= log, \/x% + 1 — [log, x* + logg(x + 1)*]  Froperty (3)

— l-:*.-gﬁ(_r2 + -[)1;’2 — log, - log,(x + 1)4

1
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Examples

Writing Expressions as a Single Logarithm

Write each of the following as a single logarithm.

(a) log,7 + 4log, 3 (b) %m 8 — In(5% — 1)

-

(c) log, x + log, 9 + log,(x* + 1) — log, 5
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Common Errors

WARNING A common error made by some students is to express the logarithm of a sum as the
sum of logarithms.

loga(M + N) s not equal to  loga M + log, N
Correct statement  loga,(MN) = logys M + log, N Property (3)

Another common error is Lo express the difference of logarithms as the quotient of logarithms.,
log, M

log,. M — log, N is not equal to
Aa Aa q log, N

M -
Correct statement log,M — log, N = Iogﬂ(ﬁ Froperty (4)

A third common error is o express a logarithm raised to a power as the product of the power times
the logarithm.
(logs M) is not equal to  rlogy M

Correct statement  log, M" = rlog, M Froperty (5) [
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Example

Approximating a Logarithm Whose Base Is Neither 10 Nor e

Approximate log, 7. Round the answer to four decimal places.

Remember, log, 7 means “2 raised to what exponent equals 7.7 If we let y = log, 7,
then 2¥ = 7. Because 2% = 4 and 2° = 8. we expect log, 7 to be between 2 and 3.

2Y =17
In2Y=In7 Property (7)
yln2=1In7 Froperty (5)
7
In 2

Exact value

Y

y = 2.8074 Approximate value rounded to four decimal places

oJ
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Change-of-Base Formula

Change-of-Base Formula

Ifa#1,b # 1,and M are positive real numbers, then

log, M = 9)
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Example

Using the Change-of-Base Formula

Approximate:
(a) logs 89

Round answers to four decimal places.

(a) logs 89 = log 89 1949390007
VOB T og5 T 0.6989700043
~ 2.7889
or
In89  4.48863637
10g5 89 = n ~ SRl

In5

T 1.609437912
2.7889

&
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(b) log, 5 V5

|
— —=logh
— 10 \-’;5 2 .
(b) log 5 V5 = === 1
2
log> 53219
log2 ~ =
or
| In 5
— mVvs5s 2" .
log, 5 V5 = =
InVv2 |
—1In2
2
E ~ 2.3219
In



Example

¢ . . flx + h) — f(x) AN
/A 104, Difference Quotient If f(x) = log, x, show that P = log,| 1 + <) h = 0.
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Example

il .

97. Find the value of log, 3 -log; 4 -log, 5 -logs 6 - log, 7 - log, 8.

99. Find the value of log, 3-logz 4- --- -log,(n + 1)-log, . 2.
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Example

In Problems 29-36, suppose that In 2 = a and In 3 = b. Use properties of logarithms to write each logarithm in terms of a and b.

2

29. In6 30. In— 3l. In1.5 32. In0.5
-

- be

33. In8 34. In27 35. In v/ 36. In \ ;
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