Lecture 33 - July 3

e Final Exam Review

Upcoming Deadlines

e 7.5-6 Homework (July 4)
e Final Exam (July 5)
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Analyzing Graphs of Rational Functions

STEP 1:
STEP 2:
STEP 3:

STEP 4:
STEP 5:

STEP 6:

STer 7:
STEP 8:

SUMMARY  Analyzing the Graph of a Rational Function R

Factor the numerator and denominator of R. Find the domain of the rational function.
Write R in lowest terms.

Locate the intercepts of the graph. The x-intercepts are the zeros of the numerator of R that are in the
domain of R. Determine the behavior of the graph of R near each x-intercept.

Determine the vertical asymptotes. Graph each vertical asymptote using a dashed line.

Determine the horizontal or oblique asymptote, if one exists. Determine points, if any. at which the graph
of R intersects this asymptote. Graph the asymptote using a dashed line. Plot any points at which the graph
of R intersects the asymptote.

Use the zeros of the numerator and denominator of R to divide the x-axis into intervals. Determine where
the graph of R is above or below the x-axis by choosing a number in each interval and evaluating R there.
Plot the points found.

Analyze the behavior of the graph of R near each asymptote and indicate this behavior on the graph.
Use the results obtained in Steps 1 through 7 to graph R.

Complete Page 2




Graphing 1

Step-by-Step Solution

Step 1: Factor the numerator and
denominator of R. Find the domain
of the rational function.

Step 2: Write Rin lowest terms.

=1
Analyze the graph of the rational function: R(x) = x2_4
2 -

x=1 P |
RN = g 4 GrDdE-2)

The domain of Ris {x|x # —2.x # 2}.

Because there are no common factors between the numerator and denominator.
R is in lowest terms.

Step 3: Locate the intercepts of
the graph. Determine the behavior
of the graph of R near each
x-intercept using the same
procedure as for polynomial

1
Since 0 is in the domain of R, the y-intercept is R(0) = Z.The x-intercepts are found

by determining the real zeros of the numerator of R that are in the domain of R. By
solving x — 1 = 0, the only real zero of the numerator is 1,so the only x-intercept of
the graph of R is 1. We analyze the behavior of the graph of R near x = 1:

=] Xi==q

functions. Plot each x-intercept
and indicate the behavior of the
graph near it.

Step 4: Locate the vertical
asymptotes. Graph each vertical
asymptote using a dashed line.
Step 5: Locate the horizontal or
oblique asymptote, if one existe.
Determine points, if any, at which
the graph of R intersects this
asymptote. Graph the asymptotes
using a dashed line. Plot any points
at which the graph of R intersects
the asymptote.

Near I: R(x) =

1
(x+2)(x—2) " (1+2)(1-2) ==z =1

Plot the point (1,0) and draw a line through (1,0) with a negative slope. See

Figure 32(a) on page 201.

The vertical asymptotes are the zeros of the denominator with the rational function
in lowest terms. With R written in lowest terms. we find that the graph of R has two
vertical asymptotes: the lines x = —2 and x = 2.

Because the degree of the numerator is less than the degree of the denominator. R
is proper and the line y = 0 (the x-axis) is a horizontal asymptote of the graph. To
determine if the graph of R intersects the horizontal asymptote. solve the equation
R(x) = 0:

x—1
=0

2 -4

x—1=0
x=1

The only solution is x = 1, so the graph of R intersects the horizontal asymptote at

(1,0).

Step 6: Use the zeros of the
numerator and denominator of R
to divide the x-axis into intervals.
Determine where the graph of Ris
above or below the x-axis by choosing
a number in each interval and
evaluating R there. Plot the points
found.

The zero of the numerator. 1, and the zeros of the denominator, —2 and 2. divide the

x-axis into four intervals:

(-00,-2) (-2,1) (1,2) (2,)

Now construct Table 11.
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Table 11 -2 1 2
X
Interval (—00,-2) (=2,1) (1,2 (2, 20)
3
Number chosen =3 0 2 3
1 3 2
Value of R R(—3) = —0.8 R(0) = — Rl=)=—%= R(3) = 04
4 2 7
Location of graph Below x-axis Above x-axis Below x-axis Above x-axis
1 3052
Point on graph (~3,-08) 0,— = (3,04)
4 2T,
Step 7: Analyze the behavior of e Since y = 0 (the x-axis) is a horizontal asymptote and the graph lies below the
the graph of R near each asymptote x-axis for x < —2, we can sketch a portion of the graph by placing a small arrow
and indicate this behavior on the to the far left and under the x-axis.
graph. ¢ Since the line x = —2 is a vertical asymptote and the graph lies below the x-axis
for x < —2, we place an arrow well below the x-axis and approaching the line
x = —2 from the left ( limTR(x) . _,\-,)_
X=0 =&
e Since the graph is above the x-axis for —2 < x < | and x = —2 is a vertical
asymptote, the graph will continue on the right of x = =2 at the top

( lim"R(x) = +X ) Similar explanations account for the other arrows shown
P e
in Figure 32(b).

Step 8: Use the results obtained Figure 32(c) shows the graph of R.
in Steps 1 through 7 to graph R.
Figure 32
x=|—2 y X=|2 x=l—2 y xT2
| | | | 3k I
| : 1 1
| L | | L I
| | | |
| | | :
B (3,04) (3,04)
a0l 80 ey] ol 8
3 | Te 1 3 xy=0 =~ -3 | Te 1
o | (G-9) | ° | (3.9 |
(—3,-0.8) I I (-3,-08) : |
| o | | - I
| | | I
b oLk
| | | |
| | | |
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Graphing 2

2
Analyze the graph of the rational function: R(x) = al . l
(x+D(x—1) : :
STEP 1: R(x) = - . The domain of R is {x|x # 0}.

STEP 2: R is in lowest terms.
StTEP 3: Because x cannot equal 0, there is no y-intercept. The graph has two
x-intercepts: —1 and 1.

(x +1)(x=1) @=+F1)(=1—=1)

Near —1: R(x) = . ~ = =2(x+1)
Nearl: R = ')x(x_ L ')l(x_ LI

Plot the point (—1. 0) and indicate a line with positive slope there. Plot the
point (1. 0) and indicate a line with positive slope there.

StTEP 4: The real zero of the denominator with R in lowest terms is (). so the graph of
R has the line x = 0 (the y-axis) as a vertical asymptote. Graph x = 0 using
a dashed line.

STEP 5: Since the degree of the numerator, 2, is one greater than the degree of the

denominator, 1, the rational function will have an oblique asymptote. To
find the oblique asymptote, we use long division.

X
.’c).x:2 |
2

X

The quotient is x, so the line y = x is an oblique asymptote of the graph.
Graph y = x using a dashed line.

To determine whether the graph of R intersects the asymptote y = x,
we solve the equation R(x) = x.

=1
R(x) = PR
Z=1=2
—1 =0 Impossibl

x—=1

We conclude that the equation = x has no solution, so the

graph of R does not intersect the line y = x.

STEP 6: The zeros of the numerator are —1 and 1: the zero of the denominator is 0.
Use these values to divide the x-axis into four intervals:

(-=00,-1) (-1,0) (0,1) (1,0)
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-1 0 1
X
Interval (—o0,-1) (—1,0 (0,1 (1, )
1 1
Number chosen =2 =5 3 2
3 1 3 1 3 3
Value of R R(—2) = =7 R(—E) = — R<5> =3 R(2) = 3
Location of graph Below x-axis Above x-axis Below x-axis Above x-axis
3 13 J & 3
Point h === = = 2=
R0 e ( = 2) ( 2 2) (2 2) ( 2)

STEP 7: Since the graph of R is below the x-axis for x < —1 and is above the x-axis
for x > 1, and since the graph of R does not intersect the oblique
asymptote y = x. the graph of R will approach the line y = x as shown in
Figure 34(b).

Since the graph of R is above the x-axis for —1 < x < 0, the graph of R
will approach the vertical asymptote x = 0 at the top to the left of x = 0
[‘I_lz};l R(x) = oo]:since the graph of R is below the x-axis for 0 < x < 1.
the graph of R will approach the vertical asymptote x = 0 at the bottom to
the right of x = 0 [xh_m R(x) = —o<]. See Figure 34(b).

StTEP 8: The complete graph is given in Figure 34(c).

x=0 x=0 x=0
| |
| |
y 7
L3 /y/=x 7_3 /y/=x
ST A Chla [ %
2°'2/ o i // .(2'%) 2/ o i // 0(2‘%)
1 (_1.1'0)1 // 1 1 1 . 1 (—I1 0) // 1 L 1 .
-3 1 71,00 3 X - 7,71 71,00 3 «x
8 (el 2 T
A L e
d -3 2 _3—1
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Exponential Equations

If a“*=a4" then u = v. (3)

Solve each exponential equation.

(EI) 3x+1 — 81 (b) 42}:-1 _ 8_1:+3
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Exponential Function

An exponential function is a function of the form

f(x) = Ca*

where a is a positive real number (a > 0),a # 1,and C # 0 is a real number.
The domain of f is the set of all real numbers. The base a is the growth factor,

and because f(0) = Ca’ = C, we call C the initial value. ]

For an exponential function f(x) = Ca*, wherea > Oanda # 1, if x is any
real number, then

fifx £ 1]

W =a or f(x+1)=af(x)

(proof)
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Logarithms

Saturday, June 2, 2018 6:59 PM

Recall that a one-to-one function y = f(x) has an inverse function that is defined

(implicitly) by the equation x = f(v). In particular, the exponential function
y = f(x) = a*, where a = 0 and a # 1, is one-to-one and hence has an inverse

function that is defined implicitly by the equation
x = a’, a = 0, a# 1

This inverse function is so important that it is given a name, the logarithmic function.

The logarithmic function to the base a, where @ = 0 and a # 1. is denoted by
y = log, x (read as “y is the logarithm to the base a of x”) and is defined by

y = log, x ifandonlyif x = a*

The domain of the logarithmic function y = log, x is x = 0. _J

As this definition illustrates, a logarithm is a name for a certain exponent. So,
log, x represents the exponent to which @ must be raised to obtain x.

-
. In Words

When you read loggx, think to
yourself “a raised to what power

gives me x.”

~

Relating Logarithms to Exponents

(a) If y = logs x, then x = 3. For example, the logarithmic statement 4 = log; 81
is equivalent to the exponential statement 81 = 3*.

: 1 1
(b) If y = logs x, then x = 5*. For example, —1 = logs(g) is equivalent to; =571
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Properties 2

Properties of Logarithms

In the properties given next, M and a are positive real numbers,a # 1, and r 1s
any real number.

The number log, M is the exponent to which @ must be raised to obtain M.
That 1s,

alﬂgaM — M {1)

The logarithm to the base a of a raised to a power equals that power. That is,

logga” = r (2)

1

The proof uses the fact that y = a* and y = log, x are inverses.

Proof of Property (1) For inverse functions.
f(fY(x)) = x forall x in the domain of f~!
Using f(x) = a* and f'(x) = log, x. we find
f(f Yx)) = ad°%* =x forx =0

Now let x = M to obtain @"°%™ = M. where M = 0. =

Proof of Property (2) For inverse functions.
FHf(x)) = x forall x in the domain of f
Using f(x) = a*and f '(x) = log, x. we find
Y (f(x)) = log,a" = x for all real numbers x

Now let x = r to obtain log, a" = r, where r 1s any real number. u
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Properties 3

Properties of Logarithms

In the following properties, M, N, and a are positive real numbers,a # 1, and r
is any real number.

The Log of a Product Equals the Sum of the Logs

log,(MN) = log, M + log, N (3)

The Log of a Quotient Equals the Difference of the Logs

M
ioga(ﬁ) = log, M — log, N 4)

The Log of a Power Equals the Product of the Power and the Log

log, M" = rlog, M (5)

at = e* Ina (6)
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Proof of Property (3) Let A = log, M and let B = log, N. These expressions are
equivalent to the exponential expressions

a*=M and a® =N

Now
log,(MN) = log,(aa®) = log, a"*8 Law of Exponents
= A+ B Property (2) of logarithms
= log, M + log, N -

Proof of Property (5) Let A = log, M. This expression is equivalent to
at =M
Now
log, M" = log,(a™)" = log, a™*  Law of Exponents

=rA Property (2) of logarithms

=rlog, M m
Proof of Property (6) From property (1), with a = e, we have

eln M _ M

Now let M = a* and apply property (5).

In a*
e — Etlna = a°
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Example

Solving a Logarithmic Equation

Solve: Inx = In(x +6) — In(x — 4)
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Example

Solving an Exponential Equation

—
Solve: 5%72 = 33**2
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Example

Wednesday, June 20, 2018 9:35 PM

Finding All the Solutions of a Trigonometric Equation

Solve the equation: cosf = 2

Give a general formula for all the solutions. List eight of the solutions.

Solution The period of the cosine function is 27. In the interval [0, 27), there

s 7T

are two angles # for which cos # = E: #=—and# = . See Figure 21. Because

B
I .

the cosine function has period 27, all the solutions of cos # = > may be given by the
general formula

S T 7 S Iw 117 13w 17«
3 3 37 3 3 37 3 3
K= — k=0 kK =1 —
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Example

Wednesday, June 20, 2018 9:35 PM

When a trigonometric equation contains more than one trigonometric function,
identities sometimes can be used to obtain an equivalent equation that contains
only one trigonometric function.

Solving a Trigonometric Equation Using Identities
Solve the equation: 3cosf + 3 =2sin”0, 0 =0 <27

The equation in its present form contains a sine and a cosine. However, a form of the
Pythagorean Identity, sin®# + cos?# = 1, can be used to transform the equation
into an equivalent one containing only cosines.

3cosh + 3 =2sin%6
3cos +3=2(1 —cos’B) sin“B=1—cos" 0

3cosf +3=2—2cos’H

2cos’# +3cosH +1=0 Quadratic in cos 8
(2cosf + 1)(cost + 1) =0 Factor.
2cosf +1 =10 or cosf) +1 =0 Use the Zero-Froduct Froperty.
CDSHZ—% or cos = —1

Solving each equation in the interval [0, 277), we obtain

) 2 4qr
The solution sehs{ 3 , T, 3 }
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