Lecture 13 - June 1

e 5.1 Compositions

Upcoming Deadlines

e A.3-4,4.1-3 Homework (June 1)
e 5.1-4 Homework (June 8)

e 5.5-6 Homework (June 10)

e Exam 2 (June 11)
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Composite Functions

Suppose that an oil tanker is leaking o1l and you want to determine the area of the
circular oil patch around the ship. See Figure 1. It is determined that the oil is
leaking from the tanker in such a way that the radius of the circular patch of oil
around the ship is increasing at a rate of 3 feet per minute. Therefore, the radius r of
the oil patch at any time £, in minutes, is given by r(7) = 3t. So after 20 minutes the
radius of the oil patch is r(20) = 3(20) = 60 feet.

The arca A of a circle as a function of the radius r is given by A(r) = mr?. The
area of the circular patch of oil after 20 minutes is A(60) = 7(60)* = 36007 square
feet. Notice that 60 = r(20),so0 A(60) = A(r(20)). The argument of the function A
is the output of a function!

In general, we can find the area of the oil patch as a function of time ¢ by
evaluating A(r(¢)) and obtaining A(r(t)) = A(3t) = #(3t)*> = 971> The function
A(r(t)) 1s a special type of function called a composite function.

Given two functions f and g. the composite function, denoted by f ° g (read
as “f composed with g7), is defined by

(F = g)(x) = f(g(x))

The domain of f o g is the set of all numbers x in the domain of g such that
g(x) is in the domain of f. _J

Domain of g Range of g

Range of f

Domain of f

Range of fo g

Domain of fe g
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9(x)
INPUT X — [ @ ) — [ @ ~ ] — OUTPUT (g (x)
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Example
Suppose that f(x) = 2x* — 3 and g(x) = 4x. Find:
(a) (f < g)(1) (b) (g > f)(1) () (f = F)(=2)

g(x) = 4x fix) = 2¢ — 3
g(1) = 4
(b) (g° f)(1) =g(f(1)) =g(—1)=4-(—1) = —4
f(x) = é«‘l -3 {:f}[}\c;lr = 4x
A1) = —1
€ (f = 1)-2) = ££(-2)) = 115) =2 23 =47

M)wﬂgM*UZgwﬁﬁnTgt¢%=*04)=—m

g(—1) = —4

Suppose that f(x) = 2x* — 3 and g(x) = 4x. Find:
(a) (f = &)(1) (b) (g ° f)(1) (©) (f = F)(—2) (d) (g °g)(—1)
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Example

Suppose that f(x) = x> + 3x — 1 and g(x) = 2x + 3.
Find: (a) f < g (b) g f

Then find the domain of each composite function.

The domain of f and the domain of g are the set of all real numbers.

(a) (f © £)(x) = f(g(x)) = F(2x + 3) = (2 + 3 + 3(2x + 3) — |
1

f(x) = x% + 3x — 1
— 4>+ 12x + 9 +6x+9 —1=4x*+ 18x + 17

Since the domains of both f and g are the set of all real numbers, the domain of
f o gis the set of all real numbers.

(b) (g ° f)(x) = g(f(x)) = g(x* + 3x — 1)
4(x)
=2x>+6x—2+3=2x2+6x+1

Since the domains of both f and g are the set of all real numbers, the domain of
g o f is the set of all real numbers. .J
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Example

4

x—1

1
Find the domain of f o gif f(x) = 12 and g(x) =

For (f ° g)(x) = f(g(x)), first note that the domain of gis {x|x # 1}, so exclude 1
from the domain of f o g. Next note that the domain of f is {x|x # —2}. which

means that g(x) cannot equal —2. Solve the equation g(x) = —2 to determine what
additional value(s) of x to exclude.
4 — = —2 g(x) = —2
x — 1
4==-2(x—-1)
4=-2x+2
2x = 2
x = —1

Also exclude —1 from the domain of f ° g.
The domain of f o gis {x|x # —1, x # 1}.
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Example

4
x+2mde) =

Suppose that f(x) =

Find: (a) feog (b) fof

Then find the domain of each composite function.

Solution  The domain of f is {x|x # —2} and the domain of g is {x|x # 1}.

4 | x—1 x—1 x—1
(a) (f°g)(x)=f(g(x))=f(x-1): 4 +2:4+2(x—1)=2x+2=2(x+1)
x — 1 ! |
fx) = xiq Multiply yi:

In Example 3, we found the domain of f o gtobe {x|x # —1,x # 1}.

We could also find the domain of f ° g by first looking at the domain of
g: {x|x # 1}. We exclude 1 from the domain of f o g as a result. Then we look
at f o g and notice that x cannot equal —1, since x = —1 results in division by 0.
So we also exclude —1 from the domain of f o g. Therefore, the domain of

fogis{xlx# —-1,x # 1}.

1 1 + 2 +2
(b) (f ° F)(x) = F(f(x)) =f<x ;e 2) - = +x2(x ¥ e s
! x* 2 +2
f(x) = = l > Multiply by ::—Z

The domain of f o f consists of those x in the domain of f, {x|x # —2}, for
which
1 1

f(x):x+2¢_2 x-E:_Z
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Example

1
If f(x) =3x —4and g(x) = :j(x + 4), show that

(feg)x)=(g°f)lx)=x

for every x in the domaimmof f o gand g ° f.
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Example

1:34 AM

Find functions f and g such that f o g = H if H(x) = (x* + '1)50.

The function H takes x> + 1 and raises it to the power 50. A natural way to decom-
pose H is to raise the function g(x) = x> + 1 to the power 50. If we let f(x) = x*
and g(x) = x*> + 1, then

. (f * 8)(x) = F(g(x)
1:,50 = f(x2 + E)
) — (x2 + 1) = H(x)
See Figure 3. .J

Other functions f and g may be found for which f o g = H in Example 6. For
example. if f(x) = x?and g(x) = (x* + E)ZS, then

(F ° )(x) = F(g(x)) = (2 + D) = [( + DPP = (& + 1)
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Example
1
x+ 1

Find functions f and g such that f o ¢ = H if H(x) =

1
Here H is the reciprocal of g(x) = x + 1. If welet f(x) = —and g(x) = x + 1, we
find that o

(f o 8)x) =f(g(x)) =f(x + 1) = = H(x)

Complete Page 10



Example

In Problems 9 and 10, evaluate each expression using the graphs of y = f(x) and y = g(x) shown in the figure.

9. (a) (g ° f)(-1) (b) (g ° £)(0) 73
(©) (f ° g)(-1) (d) (- 2)4) y=g O 6,5) (7.5)
10. (a) (g ° £)(1) (b) (g ° £)(5) \/
(c) (f ~ g)(0) (d) (f - 8)2) (-1,3)
(-1,1)
o
_2_
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Example: ForEx

73. Foreign Exchange ‘Traders often buy foreign currency in
hope of making money when the currency’s value changes.
For example, on June 3, 2009, one U.S. dollar could purchase
0.7143 Euros, and one Euro could purchase 137.402 yen.
Let f(x) represent the number of Euros you can buy with
x dollars, and let g(x) represent the number of yen you can
buy with x Euros.

(a) Find a function that relates dollars to Euros.

(b) Finda function thatrelates Euros to yen.

(c) Use the results of parts (a) and (b) to find a function
that relates dollars to yen. That is, find (g ° f)(x) =

g(f(x)).
(d) What is g(£(1000))?
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Example: Discounts

Discounts The manufacturer of a computer is offering two

discounts on last year’'s model computer. The first discount is

a $200 rebate and the second discount is 20% off the regular

price, p.

(a) Write a function f that represents the sale price if only
the rebate applies.

(b) Write a function g that represents the sale price if only
the 20% discount applies.

(c) Find f = gand g ° f. What does each of these functions
represent? Which combination of discounts represents a
better deal for the consumer? Why?
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Example

76. If f and g are odd functions, show that the composite
function f ¢ g is also odd.

Complete Page 14



