Lecture 30 - June 28

e 7.5 Sum/Difference Formulas

Upcoming Deadlines

e 7.1-4 Homework (June 29)
e 7.5-6 Homework (July 4)
e Final Exam (July 5)
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Cosine Sum/Difference Formulas

Wednesday, June 20, 2018 10:14 PM

In this section, we continue our derivation of trigonometric identities by obtaining
formulas that involve the sum or difference of two angles, such as
cos(a + B).cos(a — B). or sin(a + B). These formulas are referred to as the
sum and difference formulas. We begin with the formulas for cos(« + ) and

cos(a — B).

Sum and Difference Formulas for the Cosine Function

cos(a +~ 3) = cos acos B — sin a sin 3 (1)

cos(a — B) = cos acos 3 + sin « sin 3 (2)

)

Proof We will prove formula (2) first. Although this formula is true for all numbers
« and (3, we shall assume in our proof that 0 << g < a < 27. We begin with the unit
circle and place the angles e and 3 in standard position, as shown in Figure 26(a). The
point P; lies on the terminal side of S, so its coordinates are (cos S, sin ); and
the point P, lies on the terminal side of «, so its coordinates are (cos e, sin «).

P, = (cos( a — B), sin( a — B))

\

_1I 0 /
\1 2+y=1
(a) (b)

Now place the angle « — 3 in standard position, as shown in Figure 26(b). The
point A has coordinates (1, 0), and the point Pj is on the terminal side of the angle

« — [3,so its coordinates are (cos(a — ). sin(a — 3)).
Looking at triangle OP; P, in Figure 26(a) and triangle OAP; in Figure 26(b),
we see that these triangles are congruent. (Do you see why? We have SAS: two sides
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and the included angle, « — 3, are equal.) As a result, the unknown side of each
triangle must be equal; that is,

d(A, P;) = d(P,, P,)

Using the distance formula, we find that

Comig i oL U, T S taee
\//[cos(a —B) — 11 + [sin(a — B) — 0]* = \/(cos a — cos B)* + (sina — sin B)> (A, Ps) = d(P,. P,)
[cos(a — B) — 1]* + sin®(a — B) = (cos a@ — cos B)* + (sina — sin B)* Square both sides.
cos’(a — B) —2cos(a — B) + 1 +sin’(a — B) = cos> @ — 2 cos a cos B + cos’ B Multiply out the squared terms.
+ sina — 2sinasin B + sin’ B
2 —2cos(a — B) = Ccos «w cos B — 2 sin a sin 3 Apply a Pythagorean ldentity (3 times).
—2cos(a — B) = —2cosacos B — 2sin asin 3 Subtract 2 from each side.
cos(a — B) = cosacos B + sinasin B Divide each side by —2.

This is formula (2). ]

The proof of formula (1) follows from formula (2) and the Even—Odd Identities.
Use the fact that« + B = a — (—f). Then

cos(a + B) = cos[a — (—B)]

cos a cos(—B) + sinasin(—pB) Use formula (2),

Il

cos a cos 3 — sin e sin 3 Even—0dd |dentities

Complete Page 3



Example

Wednesday, June 20, 2018 10:14 PM

Using the Sum Formula to Find an Exact Value

Find the exact value of cos 75°.

Since 75° = 45° + 30°, use formula (1) to obtain

cos 757 = cos(45° + 30°) = cos 457 cos 30 — sin 45° sin 30°

1

Formula (1)
2 2 2 2 4

Using the Difference Formula to Find an Exact Value

Find the exact value of cos 1—?‘-2
cos il cos(gﬁ 27T) Us(ﬂ ﬁ)
L _ — cosl — — =
12 12 12 4 6
rs (I 4 g mo, T ) L
= COS— COS — + Sin— sin — Use formula (2).
1 C p 1 1 p ormula (2)
\J’EE ﬂ\f’ﬁ \JIE | 1 on Vo
— . + o — s _|_ ’
TR TR (V6 + V2)
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Sine Sum/Difference Formulas

Wednesday, June 20, 2018 10:14 PM

Another use of formulas (1) and (2) is to establish other identities. Two important
identities we conjectured earlier in Section 6.4 are given next.

cns(g — 9) = sin # (3a)
sin(g — H) = cos (3b)

Proof To prove formula (3a), use the formula for cos(a — B) with a = g and

B =0

cos(g — 9) = cosgcosb‘ + sin%sinb‘

=0-cosH + 1-siné¥
= sin #

To prove formula (3b), make use of the identity (3a) just established.

. _ 7T _
sm(E — 9) = cos{z (2 9)] cos ¢
|

Use (2a). n
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Also. since

cos(g — 8) = cos{—(ﬂ — g)} = CDS(Q — g)

&

Even Property of Cosine

T
~ — — ]| =sn#H
LDS( ) ) sin

A

and since

L3 A
3(a)

it follows that cos(b‘ — E) = sin #. The graphs of y = cos(ﬂ — E) and y = sin #
are identical. 2 2

Having established the identities in formulas (3a) and (3b). we now can derive
the sum and difference formulas for sin(a + ) and sin(a — B).

Proof sin(« + ) = cos % — (a + B)J Formula (3a)
= cos_(g — a) — B}
= cos(%‘ — .:r)cos B+ sin(% — az)sin B Formula (2)

= sin & cos 3 + cos a sin 3 Formulas (3a) and (3b)
sinfe — B) = sinfa + (—f)]
= sin « cos(—fB) + cos asin(—f3) Use the sum formula for
sine just obtained.
= sin e cos 3 + cos a(—sin B) Even—0dd ldentities
= sin « cos 3 — cos « sin 3 u
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THEOREM

Sum and Difference Formulas for the Sine Function

sin(fa + B) = sin @cos B + cos a sin 3

sin(a — B) = sina cos B — cos a sin B

C))
(3)
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Example

Wednesday, June 20, 2018 10:14 PM

Using the Sum Formula to Find an Exact Value

. . T
Find the exact value of sin ﬁ

0 1T _ ‘(3’F+4ﬂ)_ ﬁ(z+£)
sin 12—5111 o " = sin 1 3

Il n ™. m

= §in— cos 3 + cos 1 sin 3 Formula (4)
= \fE ’\.r,f.Et ’\ff’:‘: _ l(\;{,—:’ + ’\;"E)

2%+224 oJ

mem~Now WorK proBLEM 19

Using the Difference Formula to Find an Exact Value

Find the exact value of sin 80° cos 20° — cos 80° sin 20°.

The form of the expression sin 807 cos 20 — cos 80° sin 20° is that of the right side
of formula (5) for sin(a — ) with @« = 80 and B = 20°. That is,

toa |

'\{f
2 -

sin 80° cos 20° — cos 80° sin 20° = sin(80° — 20°) = sin 60° =
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Example

Wednesday, June 20, 2018 10:14 PM

Finding Exact Values

4 = 2 2\V/5
If it 1s known that sinae = —, — < a < 7, and that sin g = ——— = — \_{ .
37 5 2 VA 5
T<fB < ER find the exact value of
(a) cosa (b) cos B (¢) cos(a + BB) (d) sin(a + B)
. . 4 vy T .
(a) Since sina = 5=, and 2 < a <, let y=4 and r =5 and place « in

quadrant II. The point P = (x,y) = (x,4),x < 0, is on a circle of radius 35,
x> + y* = 25. See Figure 27. Then

X2+ =25
X2+ 16 =25 y =4
X=25-16=9
x=—3 x < (O
Then
X 3
cosaqg = — = ——
“« r 5
. _EE .C-f L AT R BT B LWy |
SNy = 5, 2 ¥ T
¥
9
(x,4)
5 |
‘——-._L&
|" [ ) |
[ 1| | [ -
—5| (5 X
- 22—
5 X+ yc=25
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Alternatively, we can find cos « using identities, as follows:

5 16 /9
™ = — 1 — in2 = — .'I —_ — = — |'I_
CoS « V1 —sin®« \ ] 73 \ 35

|

Lr in quadrant I,

cos o < (O

: . -2 v 3
e = — 7 T = =
(b) Since sin 3 N and B >

£ in quadrant III. The point P = (x,y) = (x.—2).x < 0, is on a circle of
radius V'S, x% + y2 = 5. See Figure 28.Then

.let y = =2 and r = V5 and place

x2+y2=5
X+4=5 y= 2
X =1
x=—1 x=0
Then
X —1 V3
cosB=;=_v—,§=— 5

Alternatively, we can find cos 8 using identities, as follows:

cos B =—-VI1—sin’pB =— 1 -

\

Vs
5
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N
e

.

—‘v"f__}l x N{ X
5|
(6 =2) X2+ y? =5

(c) Using the results found in parts (a) and (b) and formula (1), we have

cos(aw + B) = cos acos 3 — sin asin 3

_ _g(_ \f’?) _i(_z'\/;?) _1vs
s\ 5 sU s 25

(d) sin( + B) = sin @ cos 3 + cos a sin B

4 Vs (3 C2V5) Vs
5 5 5 5 ) 25
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Example

Wednesday, June 20, 2018 10:14 PM
Establishing an Identity

‘ ... cos(a— B)
Establish the identity: : : =cotacotff + 1
sin a sin 3

cos(o¢ — )  cosacos 3 + sin asin 3

SIn « sin 3 sin « sin 3

_ COosacosf3 N SIn « sin 3
sin « sin 3 sIn « sin B

_ Cosa COS B b1
sin & sin 3

= cotacot B + 1
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Tangent Sum/Difference Formulas

Wednesday, June 20, 2018 10:14 PM

sin #

Use the identity tanf = and the sum formulas for sin(«a + B) and

cos #
cos(a + B) to derive a formula for tan(« + f).

sin(fa + B)  sinacos B + cos asin f

cos(a + 3) oS @ COS B — sinasin B

Proof tan(a + ) =

Now divide the numerator and denominator by cos « cos f3.

sin « cos 3 + cos a sin B SIN « cos 3 cosa sin 3
cos « cos f3 cosa cos B cosa cos B

tan(a + B) =

cosacos B —sinasin B cosa cosf sin « sin 3

cos « cos f3 cosw cos B cosacosfB
sin « N sin 3
cosa cosf  tana + tan

sin v SIn 3 | — tan « tan B

| —
cosa cos f3 u

Proof Use the sum formula for tan(a + ) and Even-Odd Properties to get the
difference formula.

tano + tan(—B)  tana — tan fB
—tanatan(—pB) 1 + tan «tan 3 m

tan(a — B) = tanfa + (—B)] = l

Sum and Difference Formulas for the Tangent Function

e ) tan o + tan B 6)
e _'l—‘ranfrtan,B

tan o« — tan 3

e B 1 + tan @ tan 8 (7
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Example

Wednesday, June 20, 2018 10:14 PM

Establishing an Identity

Prove the identity: tan(# + 7) = tan 6

, tan# + tan 7 tan# + 0
tan(6 + 7) = - = - - = tan #
| — tan 6 tan 7 | —tan -0 .J

The result obtained in Example 7 verifies that the tangent function is periodic
with period 7, a fact that we discussed earlier.

Establishing an Identity

Prove the identity: tan(b‘ + %) = —cot #

. T :
We cannot use formula (6), since tan JE is not defined. Instead, we proceed as follows:

. oTT ) T . T
sinl 0 + — sin # cos — + cos #sin —
2 2 2

i

o
tan(H == =
2 ~osl 8 + il cos # cos T sin # sin T
cos 5 5 5

~ (sin8)(0) + (cosH)(1)  cosh
~ (cos #)(0) — (sin#)(1) —sinb —cotH.J
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Example

Wednesday, June 20, 2018

Finding the Exact Value of an Expression Involving Inverse

10:14 PM

Trigonometric Functions
- : ! .43
Find the exact value of: sin| cos 5 + sin 5
| 3
We seek the sine of the sum of two angles, « = cos ™ Eand B = sin_l% Then
208 _ L 0=a= and sin,Q—E —EfB‘E
C x 2 =& =T =« 5 ) = = 5
We use Pythagorean Identities to obtain sin « and cos 8. Since sin« = () and
cos 3 = 0 (do you know why?), we find
i / .'II 1 "IE \KE
sinae = V1 —cosPa=,/1——=,/-=—
! “TNT T4 Ne 2
— I|I |'I'E __I_
— ,-"Jlr-l — 02 == Illl _ — = I'I—:—
cosf=V1=sinf =1 =553 =5
As a result,
‘ ] . 43 : . :
sin| cos > + sin 3 = sin(a + B) = sinaw cos B + cos a sin 3
_ V34 13 _4V3+3
2 5 25 10 -
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Example

Wednesday, June 20, 2018 10:14 PM

Writing a Trigonometric Expression as an Algebraic Expression

Write sin(sin ! u + cos ! v) as an algebraic expression containing « and v (that is.
without any trigonometric functions). Give the restrictions on « and v.

First. for sin ! u. we have —1 = u = 1. and for cos ™! v. we have —1 = v = 1. Now

leta = sin 'u and B = cos ! v. Then

SIN v = U —— = a = -1l =u=1

m
2 2
cos B =v O=pL=7 —-1=v=1

. ‘o (I
Since _E = a = é we know that cos @ = (). As a result.

S - S -
cosa = V1 -—sinPa=VI1-—u
Similarly, since 0 = = 7, we know that sin £ = 0. Then
sinB=V1—-cos2f=V1-2?
As a result,
sin(sin"' u + cos ' w) = sin(a + B) = sinacos B + cos « sin 3

=uv + V1 — 2 \/fl — 7 1

Complete Page 16



Example

Wednesday, June 20, 2018 10:14 PM

Solving a Trigonometric Equation Linear in Sine and Cosine
Solve the equation: sin# +cos# =1, 0 =6 <27
Attempts to use available identities do not lead to equations that are easy to solve.
(Try it yourself.) Given the form of this equation, we decide to square each side.
sin# + cosf =1
(sinf + cosB)? = 1 Square each side.
sinf + 2sinfcosf + cos’f = 1 Femove parentheses.
2sinfcost =0 sin“b + cos"d =1
sinf# cosH =0
Setting each factor equal to zero, we obtain

smfl =0 or cosf =10

The apparent solutions are

T 3

6 =0, 0=, H=—, 0=

I, 2 . 2

Because we squared both sides of the original equation, we must check these
apparent solutions to see if any are extraneous.

f=0: sml +cosOD=0+1=1 A solution
0= sinm+cosm =0+ (—1)=—1Notasolution
T T T _ - N
A = E: Sin E + Ccos 5 = 1 +0=1 A solution
H_Srr . 37 37 140 = —1 _ )
= > SIm > + COS 5 = -1+ = — Mot a solutiol
3 ) ] T
The values# = mand 8 = > are extraneous. The solution set is U._E . .J
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Example

Wednesday, June 20, 2018 10:25 PM

Solving a Trigonometric Equation Linear in sin 6 and cos 0
Solve:
asint) + bcost =c¢ (9)

where a. b, and ¢ are constants and eithera # Oor b # 0.

R
Divide each side of equation (9) by \/ a* + b*. Then

b
?sinﬂ +—CDSH :% {1{]}
\/a + b’ \/a* + b’ 'a® + b?

There is a unique angle ¢.0 = ¢ < 27, for which

: b
cos ¢ = S — and sin¢d = ——— (11)
/@ + b V& + b
Figure 30 shows the situation for a = 0 and b = 0. Equation (10) may be written as
sin @ cos ¢ + cosBsing = %
'\,;’{az + b2
or, equivalently,
sin(f + &) = ;,— (12)
\/a + b’

where ¢ satisfies equation (11).

If [c| > \/a® + b*.thensin(# + ¢) > lorsin(f + ¢) < —1.and equation (12)
has no solution.

If |c| = \/@a® + b, then the solutions of equation (12) are

c C

-+ = in 1 —+ = 9 — e

f# + ¢ = sin ™ 5 or 6+ ¢ r — sin VERmT
\/a + b \/a* + b

Because the angle ¢ is determined by equations (11), these give the solutions to

equation (9). .J
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Vi
P P=(a, b)
s
52
|€b |
| x
/X2 +y2 = a2 + p?
) b a
sinb=—=>22  coshp=—22
¢ Va2 + b2 ¢ Va2 + b2
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Summary

i SUMMARY  Sum and Difference Formulas

cos(a + B) = cos acos B — sina sin B cos(aw — B) = cos acos B + sin a sin B
sin(a + B) = sinacos 3 + cos a sin 3 sin(a — B) = sina cos B — cos a sin B

tan @ + tan B tana — tan
ki @B = T anaan

| — tan o tan 3
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