Lecture 29 - June 27/

e 7.4 Trig Identities

Upcoming Deadlines

e 7.1-4 Homework (June 29)
e 7.5-6 Homework (July 4)
e Final Exam (July 5)
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Basic Trig Identities

Wednesday, June 20, 2018 9:49 PM

Quotient Identities

Reciprocal Identities

1
csch = —— secH = cotf =
sin# cos tan 0
Pythagorean Identities
sin?f + cos?0 =1 tanZh + 1 = sec?d

cot?f + 1 = csc? 6

Even-0Odd Identities

sin(—#) = —sin # cos(—6) = cos # tan(—#) = —tan #
csc(—6) = —csch sec(—#) = secH cot(—#) = —cot ¥

This list of identities comprises what we shall refer to as the basic trigonometric
identities. These identities should not merely be memorized, but should be known
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Example

Wednesday, June 20, 2018 9:49 PM

Using Algebraic Techniques to Simplify
Trigonometric Expressions

cotd

(a) Simplify by rewriting each trigonometric function in terms of sine and

_ CcsC.
cosine functions.
cos ¢ Il —sin# . :
(b) Show that- — = by multiplying the numerator and denominator
1 + sin# cOs
by I — sin 6.
. .. 1 +sinu cotu — cosu " .
(¢) Simplify —; + by rewriting the expression over a common
sin u cos u
denominator.
sin?v — 1

(d) Simplify

-

: by factoring.
tanvsmv — tan v

cos ¢
()cotﬁ_sinﬁ'_cosﬂ sinﬁ_ﬁ 0
a csch 1 sin ¢ ] - o8
sin #
(b) cosd  cos® 1 —sing cost(l —sind)
l +sinff 1+ sinf | —sinf 1 — sin? ¥
1 1 — sind
Multiply by a well-chosen 1: ———.
e 1 — sin#

cos #(1 — sin #) 1 —sin6

cos f) cos #
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1 +sinu cotu — cosu | +sinu cosu N cotu — cosu siniu

(c) + -

SIN U COSs U Sin i COS 1 COS U SIN U
cosu .
. . ] cosu + — -« Sin i
cosu + sinucosu + cotusinu — COS i Sin u SIN U
SIN I COS U SIN U COS U

COS U + COS U 2cosu 2
SIN i COS U SN i COS U Sin
@ sinf v — 1 B (sinv + 1)(sinv — 1) _sinw + 1
tanvsinv — tan v tan v(sinv — 1) tan v
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Example

Wednesday, June 20, 2018 9:49 PM

Establishing an Identity
Establish the identity: c¢sc#-tan # = sec#

Start with the left side, because it contains the more complicated expression, and
apply a reciprocal identity and a quotient identity.
1 smt 1

- = = sec
st cos# cos

csc-tan f =
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Example

Wednesday, June 20, 2018 9:49 PM

Establishing an ldentity
Establish the identity: sin?(—8) + cos*(—6) = 1

Begin with the left side and, because the arguments are —#, apply Even—-Odd
Identities.

sin’(—f) + cos*(—#) = [sin(—#)]* + [cos(—h)]?

[

= (—sin #)? + (cos 6)? Even—0dd ldentities
(
1

sin #)% + (cos 6)?

Pythagorean ldentity l
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Example

Wednesday, June 20, 2018 9:49 PM

Establishing an Identity

L ‘ L sin(—#) — cos*(—#) _
Establish the identity: sin(—0) os(—0) =cosH —sm#
—8) — cos(—

We begin with two observations: The left side contains the more complicated
expression. Also, the left side contains expressions with the argument —6, whereas
the right side contains expressions with the argument #. We decide, therefore, to
start with the left side and apply Even—Odd Identities.

sin?(—#) — cos?(—#) B [s.in(—(;‘)]2 — [cms(—ﬂ)]2

sin(—#) — cos(—#) sin(—#) — cos(—#)
(—sin #)* — (cos 6)?

= Even—0dd ldentities

—sin # — cos #
(sin #)> — (cos #)?

= : Simplify.
—sin # — cos # o
(sin § — cos #)(sinf-+—cosf)
— - Factor.
—(sinf-+cost))
= cosH — sin# Cancel and simplify. |
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Example
Wednesday, June 20, 2018 9:49 PM

Establishing an ldentity

‘ ‘ . 1 + tan u
Establish the identity: = tan u

| + cotu

| + tan u ] +tanu I + tan u

1 + cotu [+ | tanu + 1
tan u tan u

tan u( 1 +tamu)

= : = tan u
tan#+ 1
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Example

Wednesday, June 20, 2018 9:49 PM

When sums or differences of quotients appear, it is usually best to rewrite them
as a single quotient, especially if the other side of the identity consists of only one

term.

Establishing an Identity

in 1 + 0
Establish the identity: " JS:I::DSH + sixfgs = 2csch

The left side is more complicated, so we start with it and proceed to add.

sin 6 1 +cosf sin?8 + (1 + cos#b)?
N - Add the guotients.
1 + cos 6 sin # (1 + cos #)(sin #) the quotiet

Sinz 9 +1+2cosf + C052 i Remove parentheses in

the numerator.

(1 + cos #)(sin H)

B (sin?@ + cos’0) + 1 + 2cos b

(1 + cos B)(sin ) e
2 + 2cos# - g
= Fythagorean ldentity
(1 + cos #)(sin 0) e
2(1-+-—cost)
= Factor and cancel.
(1+-cos#)(sin H) o
2
sin #
= 2c¢csc Reciprocal ldentity
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Example

Wednesday, June 20, 2018 9:54 PM

Establishing an Identity

. ‘ : tanv + cotv
Establish the identity: =1
SeC v CsC v

sin v N COS ¥ sin” v + cos” v
tanv + cotv  cosw sin v COos USiI‘l v
SeCVCSCV 4 1 N
W u::sv SIN v T COS U SIN v
Change to sines 4 the quotients
and cosines, in the humerator.
B 1 _ceswsm-v -
oS v Sin v 1 B
Divide the quotients;
Sin v + cos v =1

Complete Page 10



Example

Wednesday, June 20, 2018 9:54 PM

Establishing an Identity
I —sint#  cosd
cos f 1 + sin#

Establish the identity:

Start with the left side and multiply the numerator and the denominator by 1 + sin #.
(Alternatively, we could multiply the numerator and denominator of the right side
by 1 — sin#f.)

1 — sin # 1 —sinf® 1 + sin@® Multiply the numerator and
denominator by 1 + sin 6.

cos cos ¢ .1 + sin #
1 — sin?
cos #(1 + sin #)

cos? f : :
= 1 — sin@ = cos™ #

cos #(1 + sin #)

cos #

| + sin# o N
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Approach
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Although a lot of practice 1s the only real way to learn how to establish identities,
the following guidelines should prove helpful.

Guidelines for Establishing Identities
1. It is almost always preferable to start with the side containing the more
complicated expression.
2. Rewrite sums or differences of quotients as a single quotient.

3. Sometimes rewriting one side in terms of sine and cosine functions only
will help.

4. Always keep your goal in mind. As you manipulate one side of the expression,
you must keep in mind the form of the expression on the other side.
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Example

Wednesday, June 20, 2018 9:54 PM

103. Searchlights A searchlight at the grand opening of a new
car dealership casts a spot of light on a wall located 75 meters
from the searchlight. The acceleration 7 of the spot of light 1s
found to be # = 1200 sec #(2 sec’# — 1). Show that this is

. 1 +sin?#
equivalent to ¥ = 12(]{]( 5;11 )
cos”

Source: Adapted from Hibbeler, Engineering Mechanics:
Dynamics, 10th ed. © 2004
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Example

Wednesday, June 20, 2018 9:54 PM

104. Optical Measurement Optical methods of measurement
often rely on the interference of two light waves. If two
light waves, 1dentical except for a phase lag, are mixed
together, the resulting intensity, or irradiance, is given by

(cscH — 1)(secH + tan#)

I, = 4A% eoch . Show that this is
csc 6 sec

equivalent to I, = (2A cos #)%

Source: Experimental Techniques, July/ August 2002
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Examples

Wednesday, June 20, 2018 9:54 PM

95. In |sec 6] = —In |cos 6] 96. In |tan 6] = In [sin 6] — In |cos 4|

97. In|1 + cos 8| + In|1 — cos 8| = 2 In |sin 8| 98. In |sec® + tan 8 + In|sec® — tan 8| = 0
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