Lecture 21 - June 14

e 6.2 Trigonometric Functions (2)

Upcoming Deadlines

e 6.1-2 Homework (June 15)
* 6.3-6 Homework (June 20)
e Exam 3 (June 21)
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Example

Finding the Exact Value of a Trigonometric Expression

Find the exact value of each expression.
(a) sin 45° cos 180°

o 37
b) tan— — sin —
(b) tan 1 sin 5
7 \2 -
(c) (SEC I) +eses
e —
V2 V2
(a) sin 45° cos 180° = —=+(~1) = ——
T -
From Example 4 From Table 2
(b) tan 7 — sin "; —1-(-1)=2
1 I
From Example 4 From Table 2
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Multiples of 45

Finding Exact Values for Multiples of% = 45°

Find the exact value of each expression.

(a) cos%r (b) sin 135° (c) tan 315°  (d) sin(—g) (e) cos 1 1:7
(a) Frcnfl Figure 28._.“% see the point (— .25.— \;2) corresponds to 5;. SO
cos :T =x=- \; :
(b) Since 135° T_qj the point (—VTE %) corresponds to 135° so
. vV
sin 135° = B i )
(c) Since 315° = ?T?T the point (%2—%2) corresponds to 315° so
V2
tan 315° = V_,z_ = —1
2
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30 and 60 Degree Angles
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Example

Finding the Exact Values of the Trigonometric

Functions t:)fE = 60°

. o . . T
Find the exact values of the six trigonometric functions of % = 60°.
2

Position the triangle in Figure 24(c) so that the 60° angle is in standard position.

See Figure 25. The point on the unit circle that corresponds to # = g = 60" is
— D
1 V3
P = (E,\/T).Then
LT ..E,_\/’E T o1
sin 3" sin 607 = 5 cos 1T cos 607 = >
, 1 2 2V3 7 1
cscz =cschH0’ = —=—+= v sec— =secbHb0® =—=2
3 'v’-} V3 3 3 i
B 2
V3 1
e = . a S
2 T 2 | 3
tan— = tan 60° = —— = '\/fj cot—=cotb6))’ = —=—x= Vv
z l 3 \/‘3 \/3 3
2 2
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Example
Finding the Exact Values of the Trigonometric

Functions of% = 30°

Find the exact values of the trigonometric functions ofl—‘. = 30°.
3l

Position the triangle in Figure 24(c) so that the 30° angle 1s in standard position.

. : L T :
See Figure 26. The point on the unit circle that corresponds to # = i 30° 1s
/- J
31
P = (V— —).Then

2 2
: 1 . /3
sin% = sin 30° = 5 cos% = cos 30° = \!T
; 1 : 1 2 2\V3
csc— = csc30° = — =2 secz_zsec?:()cz e V2
6 i 5 V3 V3 3
2 2
1 V3
: 2 1 /3 . 2 —~
tanzztani%{]':”: === = v coti_zcotfi()c:_—z V3
V3o vV3 3 b 1
2 2 :
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Results

# (Radians) 0 (Degrees) sin 0 cosf tan ¢
- 60° \”f % V3
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Multiples of 30
Figure 3U

Finding Exact Values for Multiples of% = 30° or g = 60°

Based on Figures 29 and 30, we see that

] V3 0
(a) cos210° = cos ?; = \2[ (b) sin(—60%) = sin(—j
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Circle of Radius r

- - H\-, || | -

| ] "1 'r x
}'\ / J

X% +y?=1

/ 2

22—y

Until now, finding the exact value of a trigonometric function of an angle # required
that we locate the corresponding point P = (x, y) on the unit circle. In fact, though,
any circle whose center is at the origin can be used.

Let # be any nonquadrantal angle placed in standard position. Let P = (x. y)
be the point on the circle x> + y*> = r? that corresponds to #, and let P* = (x*, y*)
be the point on the unit circle that corresponds to . See Figure 32, where # is shown
in quadrant II.

Notice that the triangles OA*P* and QAP are similar: as a result. the ratios of
corresponding sides are equal.

yr_y X _x oyt vy
1 I 7 x*  x
r_rr L _r ¥ _x
Y5y ox* x oyt oy

These results lead us to formulate the following theorem:

For an angle # in standard position, let P = (x. y) be the point on the terminal
side of # that is also on the circle x> + y2 — & [hen

sin f = cos f = tan 8 = N1

x =0 cotl =

= w ow =

csch = y#0 sec f = y#0

R T T
e
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Example

Finding the Exact Values of the Six Trigonometric Functions

Find the exact values of each of the six trigonometric functions of an angle # if
(4, —3) is a point on its terminal side in standard position.

See Figure 33. The point (4, —3) is on a circle of radius r = \/4% + (=3)°
V16 + 9 = /25 = 5 with the center at the origin.
For the point (x, y) = (4, —=3),we have x = 4and y = —3. Since r = 5, we find

3

y
tanf = —= ——
an X 4

sinﬂziz—— CDSH=£—
r 5 r

IS)
|
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Csc, Sec, Cot

If y # 0, the cosecant function is defined as

1
esed =

If x # 0, the secant function is defined as

1
secl = —
X

If y # 0, the cotangent function is defined as

x
COEL = =
Reciprocal Identities
1 1 1
csc§ = — sec ) = cot 0 = 2
sin 6 cos 0 tan 0 (2)
Two other fundamental identities are the quotient identities.
Quotient Identities
in ¢ 0
tan 0 = - cotf = C:DS (3)
cos sin 6
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Example

Finding Exact Values Using Identities When Sine
and Cosine Are Given
V5 2V/5

Given sin # = —— and cos § = ——, find the exact values of the four remaining

trigonometric functions of # using identities.

Based on a quotient identity from (3), we have

V5
sin 5 |
tan § = 0" — ==
an cos  o\/5 2
5
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Example

< 121in >

4in 4in 4in

Constructing a Rain Gutter

A rain gutter is to be constructed of aluminum sheets 12 inches wide. After marking
off a length of 4 inches from each edge. this length is bent up at an angle 6. See
Figure 27. The area A of the opening may be expressed as a function of 6 as

A(0) = 16sinf(cos B + 1)
Find the area A of the opening for 8 = 30°,8 = 45°, and 8 = 60°.

Solution Forf = 30": A(30°) = 16 sin 30°(cos 30° + 1)
1 3 —
= 16(5)(\/: + '1) =4\/3 + 8 ~ 149

2
The area of the opening for 8 = 307 is about 14.9 square inches.

Foro = 45" A(45") = 16sin457(cos 45" + 1)

= 16<\5)(ﬁ + 1) =8+ 8V2~ 193

2 2

The area of the opening for # = 45 is about 19.3 square inches.

For6 = 60" A(60") = 16 sin 60" (cos 60" + 1)

_ m(%)(é + 1) = 12V3 ~ 208

The area of the opening for # = 607 is about 20.8 square inches.
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Examples

In Problems 95-106, f(#) = sin 8 and g(#) = cos 8. Find the exact value of each function below if 6 = 60°. .

95. £(6) 96. g(0) 97. f(g)
os. 5(5) 9. [1(6)F 100. [g(6)]
101. £(26) 102. g(20) 103. 2£(8)
104. 2g(6) 105. f(—8) 106. g(—#)
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Examples: Projectile Motion

Projectile Motion  The path of a projectile fired at an inclination 6
to the horizontal with initial speed vy is a parabola (see the figure).

vy = Initial speed

L Y
- i
- Sy
-

-~ Height, H “Se
o Th

|< Range, R >

The range R of the projectile, that is, the horizontal distance that
the projectile travels, is found by using the function

v sin(26)

g

where g = 322 feet per second per second = 9.8 meters per
second per second is the acceleration due to gravity. The maximum
height H of the projectile is given by the function

vg (sin )2

2g

R(#) =

H(0) =
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In Problems 121-124, find the range R and maximum height H.

121.

122.

123.

124.

The projectile 1s fired at an angle of 45° to the horizontal
with an initial speed of 100 feet per second.

The projectile 1s fired at an angle of 30 to the horizontal
with an initial speed of 150 meters per second.

The projectile is fired at an angle of 25° to the horizontal
with an initial speed of 500 meters per second.

The projectile 1s fired at an angle of 50° to the horizontal
with an initial speed of 200 feet per second.
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Example: Piston Engines

126. Piston Engines In a certain piston engine, the distance x (in
centimeters) from the center of the drive shaft to the head of
the piston 1s given by the function

x(6) = cos§ +\/16 + 0.5 cos(26)

where # is the angle between the crank and the path of the
piston head. See the figure. Find x when # = 30" and when
# = 45°.
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