Lecture 26 - June 22

e 7.1 Inverse sin, cos, tan

Upcoming Deadlines

e 7.1-4 Homework (June 29)
e 7.5-6 Homework (July 4)
e Final Exam (July 5)
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Inverse Sine

In Section 3.2 we discussed inverse functions, and we concluded that if a function 1s
one-to-one 1t will have an inverse function. We also observed that if a function is not
one-to-one it may be possible to restrict its domain in some suitable manner so that
the restricted function is one-to-one. For example, the function y = x? is not one-to-
one; however, if we restrict the domain to x = 0. the function is one-to-one.

Other properties of a one-to-one function f and its inverse function f! that we
discussed in Section 5.2 are summarized next.

1. fY(f(x)) = x for every x in the domain of f and f(f'(x)) = x for every x in
the domain of f.
2. Domain of f = range of f ! and range of f = domain of f ..

The graph of f and the graph of f! are reflections of one another about the
line y = x.

d

4. If a function y = f(x) has an inverse function. the implicit equation of the
inverse function is x = f(y). If we solve this equation for y, we obtain the

explicit equation y = f!(x).
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The Inverse Sine Function

In Figure 1, we show the graph of y = sin x. Because every horizontal line y = b,
where b is between —1 and 1, inclusive, intersects the graph of y = sin x infinitely
many times, it follows from the horizontal-line test that the function y = sin x is not
one-to-one.

Figure 1 y
y=sinx, -0 <x=00,-1=y=1 y=b
\ 1 /.\ —151’)51/
N\ | LN | /.
TN\ 7 T "IT\%V?‘]T X
1k

: : : . : T
However, if we restrict the domain of y = sin x to the interval [—‘EE‘] the
restricted function
= sin x ey =Z
Y 2 -T2

is one-to-one and so will have an inverse function.* See Figure 2.

* Although there are many other ways to restrict the domain and obtain a one-to-one function,

n

K

mathematicians have agreed to use the interval {—5, E} to define the inverse of y = sin x.

An equation for the inverse of y = f(x) = sin x is obtained by interchanging x

. : .. : T ™
and y. The implicit form of the inverse function is x = sin .,—JE =y = 3 The
1

explicit form is called the inverse sine of x and is symbolized by y = f!(x) = sin™! x.

¥ _snF ¥ mcans x —siny

o

2

(1)

where 1 =x =1 and

= -C:_'E
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Because y = sin"' x means x = sin y, we read y = sin" ' x as “'y is the angle or
real number whose sine equals x.” Alternatively, we can say that “y is the inverse
sine of x.” Be careful about the notation used. The superscript —1 that appears in
y = sin"!' x is not an exponent, but is the symbolism used to denote the inverse
function 1 of f. (To avoid this notation, some books use the notation y = Arcsin x
instead of y = sin™! x.)

The inverse of a function f receives as input an element from the range of f and
returns as output an element in the domain of f. The restricted sine function,
y = f(x) = sin x, receives as input an angle or real number x in the interval

T W : . :
{——‘ —] and outputs a real number in the interval [—1, 1]. Therefore, the inverse

2°2
sine function y = sin™" x receives as input a real number in the interval [—1,1] or
—1 = x = 1, its domain, and outputs an angle or real number in the interval

1

2°2 2 2
The graph of the inverse sine function can be obtained by reflecting the restricted
portion of the graph of y = f(x) = sin x about the line y = x. as shown in Figure 3.

T T T m .
——,—|or —— =y = —,1ls range.

Figure 3
}’:Sin_lx—?ExEI—EEFEE
i B 2 2
o5 yex
1_1' Ll
T
1_ ™
y=sin"x|l— (3. 1)
y=sin x
| | : .
-3 -1 1 T X
3-1)
_1_
_Tl
(-1.-T) ?
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Values of Inverse Sine

Finding the Exact Value of an Inverse Sine Function

Find the exact value of: sin~! 1
Let # = sin”! 1. We seek the angle 0, —g =0 = g
T T
H = sin !l —— =0 =—
2 2
sinf) = 1 —g =f = g By definition of y

Now look at Table 1 below and Figure 4 on page 438.

whose sine equals 1.

e 2 B n ®m 5 i 5 ™
2 3 4 6 6 4 3 2
V3 ] 1 V2 A
sino | -1 - . 0 —~ . 1
2 2 2 2 2 2

o : T T
We see that the only angle # within the interval {—;‘ é}

S S5
(Note that sin ES also equals 1, but — lies outside the interval

Fa /_.

1s not admissible.) So,

ral=]
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Example

Monday, June 18, 2018 8:32 PM

Finding the Exact Value of an Inverse Sine Function

Find the exact value of: sin_](—%)

T T

1
Letd = sin_l(— —). We seek the angle 8, —

> 5 =60 = 5 whose sine equals R

H—sin—1(—l) Lop=2Z

2 2 2

sinH——l ~T=p=Z

2 2 2

(Refer to Table 1 and Figure 4, if necessary.) The only angle within the interval

[—E E} whose sine is . is ——. So
272 6

1 T
Sill_l(— E) = — ?
3 I
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Inverse Properties

Monday, June 18, 2018 8:32 PM

Use Properties of Inverse Functions to Find Exact Values
of Certain Composite Functions

When we discussed functions and their mnverses in Section 5.2, we found that
fY(f(x)) = x forall x in the domain of f and f(f *(x)) = x for all x in the domain
of f71. In terms of the sine function and its inverse, these properties are of the form

Al — (ki v — ¥ where —g =x = g (2a)
il (x)] — smisne x] — x where -1 = x = 1 (2b)
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Finding the Exact Value of Certain Composite Functions

Find the exact value of each of the following composite functions:
T S
a) sin | sin— b) sin” | sin
@ sin!(sinT) (0 sin"!(sin 2T

(a) The composite function sin_](sin %) follows the form of equation (2a).

.. . mom
Because r is in the interval {— 5 5} we can use (2a). Then

| _l( | ﬂ) ﬂ
sin_ | sin— | = —
8 8

;T

(b) The composite function sin_'(sin ) follows the form of equation (2a), but

—

S ) . ) moar . .
~is not in the interval {— E‘ E] To use (2a), we need to find an angle ¢ in the

J

o0

[ i . . . S i . . _ . 5!
interval {— gg} for which sin # = sin % Then, using (2a), sin ](Sm ;) =

sin"!(sin #) = 6, and we are finished.

. . dm N :
Look at Figure 6. We see that sin— = y = sin 8" Since — is in the interval
T
——, = |.we have
[ 2 2]

Complete Page 8



Complete Page 9



Example

Monday, June 18, 2018 8:32 PM

Finding the Exact Value of Certain Composite Functions

Find the exact value, if any, of each composite function.
(a) sin(sin~!0.5) (b) sin(sin" ! 1.8)

(a) The composite function sin(sin~! 0.5) follows the form of equation (2b) and 0.5
is in the interval [—1, 1]. So we use (2b):

sin(sin~! 0.5) = 0.5

(b) The composite function sin(sin~! 1.8) follows the form of equation (2b), but 1.8

1s not in the domain of the inverse sine function. This composite function is not

defined. |
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Inverse Cosine

The Inverse Cosine Function

Figure 7 shows the graph of y = cos x. Because every horizontal line y = b, where
b is between —1 and 1, inclusive, intersects the graph of y = cos x infinitely many
times, it follows that the cosine function is not one-to-one.

However, if we restrict the domain of y = cos x to the interval [0, 7], the
restricted function

y = COs X D=x=m

is one-to-one and hence will have an inverse function.® See Figure 8.
An equation for the inverse of y = f(x) = cos x is obtained by interchanging x
and y. The implicit form of the inverse function is x = cos y,0 = y = 7. The
P N . - . - . s o _1 o _1
explicit form is called the inverse cosine of x and is symbolized by y = f~'(x) = cos™ " x

(or by y = Arccos x).

§_0ON % mieans X cosy

3)

where 1 = x =1 and =y~ 5

i

Here y is the angle whose cosine 1s x. Because the range of the cosine function,
y =cosx, is —1 = y = 1, the domain of the inverse function y = cos 'x is
—1 = x = 1. Because the restricted domain of the cosine function, y = cosx, is
0 = x = . the range of the inverse function y = cos 'xis0 = y = .
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T y=x
(
y=c0s"" X
T t
(0, 1) l
| |
—1 (1,0) . m X
4l ¥=C0S X

(m,-1)
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Example

Wednesday, June 20, 2018 8:18 PM

Finding the Exact Value of an Inverse Cosine Function

Find the exact value of: cos 10

Let # = cos ' 0. We seek the angle #.0 = # = 7, whose cosine equals 0.

f=cos'0 0=0=m [0 cos 0
costl =0 O=60=7|o 1
Look at Table 2 and Figure 10. ® =
T V2
4 2z
Figure 10 ul 1
2 2
Ty 0
2m 1
A 2
37 V2
4 3
57 V3
6 7
T =
We see that the only angle # within the interval [0, 7] whose cosine is 0 is é

and cos (—g) also equal 0, but they lie outside the interval [0, 7]

37

[Note that cos >

and hence are not admissible.] We conclude that

cos 10 =

ta | 5
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Example

Wednesday, June 20, 2018 8:18 PM

Finding the Exact Value of an Inverse Cosine Function

2
Find the exact value of: cos_l(— \!T)
[ V2 |
Let ¢ = cos _T . We seek the angle 6, 0 =6 = w7, whose cosine
g V2
equals 5
V2
H=cos_]—2) 0D=6=nm
cosH=—VTz D=6=m7

Look at Table 2 and Figure 11.

Y

\/~
o : .. V2
We see that the only angle # within the interval [0, 77] whose cosine is 5

3
4

1S . So.
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Inverse Properties

Wednesday, June 20, 2018 8:18 PM

i (i(x)) = conifcasx) — % where0 = x =7 (4a)

f(fY(x)) = cos(cos 1 x) = x where —1 = x = 1 (4b)

Using Properties of Inverse Functions to Find the Exact Value
of Certain Composite Functions

Find the exact value of:

2m
(a) cos_l(cosﬁ) (b) cos[cos ! (—=0.4)] (c) cos_]{ms(—%ﬂ (d) cos(cos ')
(a) cos_l(cosi) - " i in the interval [0, 7]; use Property (4a)
‘ 12) 12 12 " b Hee TTopEry 1Al
(b) cos[co ( )4)] = —0.4 —0.4is in the interval [—1, 1]; use Property (4b).
2w . . .
(c) The angle —Tﬂ is not in the interval [0, 7] so we cannot use (4a). However,
_ o 2 27 . T ..
because the cosine function 1s even, cos e 3 3 in the

interval [0, 7], we have

4 2 4 2 2w 2x o _ ‘
cos 7| Ccos —T = COos 3 = is in the interval |0, 7 |; apply (4a).
z ) 3 )

(d) Because 7 is not in the interval [—1, 1], the domain of the inverse cosine

function, cos ! 7 is not defined. This means the composite function cos(cos ™
1s also not defined.

M

F_ﬂ

)

Complete Page 15



Inverse Tangent
Wednesday, June 20, 2018 8:18 PM

The Inverse Tangent Function

Figure 12 shows the graph of y = tan x. Because every horizontal line intersects
the graph infinitely many times, it follows that the tangent function 1s not

one-to-one. - -
However, if we restrict the domain of y = tan x to the interval (—— —)._ the

restricted function 2

. T T
= lan x —— = X -
Y P >

1s one-to-one and hence has an inverse function.® See Figure 13.

*This is the generally accepted restriction.

ral=]
e Y
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An equation for the inverse of y = f(x) = tanux is obtained by interchanging x
o ) . T T
and y. The implicit form of the inverse function i1s x = tany, 5 <y < 5 The

explicit form 1s called the inverse tangent of x and 1s symbolized by
y = f}(x) = tan"'x (or by y = Arctanx).

y = fHmE Y means ¥ — tany

a S
where —o0o < x < o0 and —%{:y{g %)

i

Here y is the angle whose tangent is x. The domain of the function y = tan™'x
. : . T T 1
1S —00 < x << o0, and its range is e <y < 5 The graph of y = tan " x can be

obtained by reflecting the restricted portion of the graph of y = tanx about the line
y = x, as shown in Figure 14.

Figure 14 y=tanx
o w =
y=tanx -0 <x < oo, 2 <y < | y e
| |
o A
: i y=tan~! x
| 1o
| |
[ [
| | -
_m i) X
2 2
' :
| -1r |
| |
| iy | _
A vt
| |
| |
[ [
x=-T X =

Complete Page 17



Example

Wednesday, June 20, 2018 8:18 PM

Finding the Exact Value of an Inverse Tangent Function
Find the exact value of:
(a) tan'1 (b) tan ! (—\/3)

(a) Let# = tan"! 1. We seek the angle 6, —g < < g whose tangent equals 1.

f = tan '1 —

tan 0 = 1 —

SN NSRS

_ : T
Look at Table 3. The only angle # within the interval (—L.—) whose
tangent is 1 1s % So,

tan ' 1 = ~
4

(b) Let # = tan_l(—\f"ﬁ). We seek the angle H,—g < f§ =
equals —\V3.

. whose tangent

b 3

A\
=S
s

tan 8 = —'\f’?

A
5SS
A
(SYE RS

(SYE RS

—

o : T
Look at Table 3. The only angle # within the interval (_JEE) whose
tangent is ~V3is——. So.
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(7] tan 6
i Undefined
2
7 _\/f3
3 \
" .
4
. -
6 3
0
o V3
6 3
- 1
4
- 3
3 Y
'21 Undefined

Complete Page 19



Inverse Properties
Wednesday, June 20, 2018 8:18 PM

fa{fle)) — lanu{lany] — x where —% oy - g

Flif(xl)  Bnllan v — x where —00 < x < o©

Finding the Inverse Function of a Trigonometric Function

Find the inverse function f ' of f(x) = 2sinx — 1. ) =X = > Find the range

of fand the domain and range of 1.

The function [ is one-to-one and so has an inverse function. Follow the steps on
page 261 for finding the inverse function.

y=2sinx — 1
x =2siny — 1 |Interchange x and y.
x+1=2siny Proceed to solve for y.
. x + 1
sin y =
YT
. 4x+1 o
y = s Apply the definition (1).
2
. P . x+1
The inverse function is f~'(x) = sin >

To find the range of f, solve y = 2sinx — 1 for sin x and use the fact that
-1l =sinx = 1.

y=2sinx — 1
_ y+1
sin x =
2
B y +1
| = 5 =1
—2=y+1=2
-3 =y=1

The range of fis {y|—=3 = y = 1} or [—3, 1] using interval notation.
The domain of f~! equals the range of f,[—3.1].

™ e | i i 1 . ff[
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1

e
+

=1

| M

LS ]
At

—2=y+1=2

The range of fis {y|=3 = y = 1} or [ -3, 1] using interval notation.

The domain of ! equals the range of f.[—3.1].

m

The range of f~! equals the domain of f, [— EX g]
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Example

Wednesday, June 20, 2018

8:18 PM

Equations that contain inverse trigonometric functions are called inverse
trigonometric equations.

Solving an Equation Involving an Inverse Trigonometric Function

Solve the equation:

3sin”

1

X =TT

To solve an equation involving a single inverse trigonometric function, first isolate
the inverse trigonometric function.

The solution set is {

2

’E}
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1, —

3IsinT x = T
. 3 T
SiINT X = —
3

T

X = Sin —

3

-

V3

x _=

2

X Means x = siny



Example

Wednesday, June 20, 2018 8:30 PM

77. Area under a Curve The area under the graph of

1 .
yET1 2 and above the x-axis between x = aand x = b

+ X
1s given by
tan ' b — tan' a
See the figure.

1.5

(a) Find the exact area under the graph of y = and

]
1 + x?2
above the x-axis between x = Oand x = VE.

. 1
(b) Find the exact area under the graph of y = —— and

_ 1 + x
V3 and x = 1.

above the x-axis between x = —

P

78. Area under a Curve The area under the graph of
] I
and above the x-axis between x = a and

}.l':
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78. Area under a Curve The area under the graph of
] I
y=— and above the x-axis between x = a and
\ 2
1 —x

x = bis given by

sin"'bh — sin"'a
See the figure. ]
(a) Find the exact area under the graph of y =

\,-f'f | — X2
V3

and above the x-axis between x = 0 and x = T
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(b) Find the exact area under the graph of y =

. 1
and above the x-axis between x = — > and x =
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