Lecture 31 - June 29

e 7.6 Double/Half Angle Formulas

Upcoming Deadlines

e 7.1-4 Homework (TODAY)
e 7.5-6 Homework (July 4)
e Final Exam (July 5)
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Double-Angle Formulas

Wednesday, June 20, 2018 10:25 PM

1 1
In this section we derive formulas for sin(26), cos(26), sin(E 9). and COS(E H) in

terms of sin # and cos 6. They are derived using the sum formulas.
In the sum formulas for sin(« + ) and cos(a + B).leta« = B = 6. Then

sin(a + ) = sin acos B + cos a sin 3
sin(f + ) = sinf cos # + cos 6 sin #
sin(26) = 2 sin f cos #
and
cos(a + B) = cos awcos B — sin a sin 3
cos(# + #) = cos  cos # — sin 6 sin
cos(26) = cos® # — sin’ #

An application of the Pythagorean Identity sin®# + cos># = 1 results in two
other ways to express cos(26).

cos(26) = cos? A — sin?6 = (1 — sin?H) — sin?H =1 — 2sin? 0
and
cos(20) = cos?# — sin®# = cos’8 — (1 — cos*H) = 2cos?H — 1

Double-angle Formulas

sin(26) = 2 sin # cos 6 (1)
cos(26) = cos’ 6§ — sin’ 6 (2)
cos(20) =1 — 2sin’ 0 3)
cos(20) = 2cos? 9 — 1 (4)
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Example

Wednesday, June 20, 2018 10:25 PM

Finding Exact Values Using the Double-angle Formulas

Ifsin @ = % g < 0 < m, find the exact value of:

(a) sin(26) (b) cos(20)

(a) Because sin(20) = 2 sin # cos # and we already know that sin # = % we only
need to find cos #. Since sin # = % = % Top< m,welet y=3andr =5

and place # in quadrant II. The point P = (x,y) = (x.3) is on a circle of
radius 5, x> + y*> = 25. See Figure 31.Then

x>+ y2 =25
2=25-9=16 y = 3
x=—4 x <0
We find that cos # = % = _T Now use formula (1) to obtain

o (3 4 4
sm(QH)—ZSchosH—Z(S)( 5)— T

(b) Because we are given sinfl = % it is easiest to use formula (3) to get cos(26).
9 18 7
cos(20) =1 — 2sin’f =1 — 2(—) =1-——===

25 25 25 J
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Ol  x24+y2=25

(&)
>.<'|f

WARNING In finding cos(20) in Example 1(b), we chose to use a version of the Double-

angle Formula, formula (3). Note that we are unable to use the Fythagorean Identity
SN 24

cos(26) = f\{ﬁ — 5”12(29), with sin(26) = o5 because we have no way of knowing

which sign to choose. -
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Example

Wednesday, June 20, 2018 10:30 PM

Establishing Identities

(a) Develop a formula for tan(26) in terms of tan 6.
(b) Develop a formula for sin(36) in terms of sin # and cos 6.

(a) In the sum formula for tan(a + B).leta = B = #. Then

tan o + tan 8
]| — tan « tan B

tan# + tan#
| — tan ftan @

tan(a + B) =

tan(6 + 0) =

2tan#
tHII(ZQ) = m

(3)

(b) To get a formula for sin(36), we write 36 as 260 + # and use the sum formula.

sin(3#) = sin(26 + #) = sin(26) cos # + cos(26) sin #

Now use the Double-angle Formulas to get
sin(36) = (2 sin # cos #)(cos #) + (cos> O — sin® H)(sin #)
= 2sin # cos? # + sin # cos®> # — sin® #

= 3sin# cosZH — sin® # .J

The formula obtained in Example 2(b) can also be written as
sin(30) = 3sinfcos’f — sin®# = 3sin #(1 — sin?H) — sin’ 4
= 3sinf — 4sin’ #

That is. sin(36) is a third-degree polynomial in the variable sin 6. In fact, sin(n#),
n a positive odd integer, can always be written as a polynomial of degree n in the
variable sin #.*
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n a positive odd integer, can always be written as a polynomial of degree »n in the
variable sin #.*
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New ldentities

Wednesday, June 20, 2018 10:30 PM

By rearranging the Double-angle Formulas (3) and (4), we obtain other formulas
that we will use later in this section.

Begin with formula (3) and proceed to solve for sin? 6.

cos(20) =1 — 2sin’ 6
2sin?f = 1 — cos(26)

. 1 cos(i8)

sin” A = > (6)

Similarly, using formula (4), proceed to solve for cos? 6.

cos(20) = 2 cos’H — 1
2cos’H =1 + cos(26)

1 + cos(26
e -

costfh =

Formulas (6) and (7) can be used to develop a formula for tan® 6.

1 — cos(26)
)
tan2g = S0 b _ 2
cos’f® 1 + cos(26)
2
1 = ces( 2
tz 29 - 8
= 1 + cos(20) ©)

Formulas (6) through (8) do not have to be memorized since their derivations
are so straightforward.
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Example

Wednesday, June 20, 2018 10:30 PM

Establishing an Identity

Write an equivalent expression for cos* # that does not involve any powers of sine
or cosine greater than 1.

The idea here is to apply formula (7) twice.

1 + cos(26)\?
cos* O = (cos?0)’ = ( > ( )) Formula (7)
= %[1 + 2 cos(26) + cos*(26)]
1 1 |
= 1 5 co cos(26) + 7 cos (26)
1 1 | (1 + cos|2(26
= 1 EC 0s(26) + 4{ 2[ ( ”} Formula (7)
1 1 |
= 1 5 ¢ 0s(20) + — [ + cos(46)]
= j ! cos(260) + lcos(ﬂ))
8 2
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Example

Wednesday, June 20, 2018 10:30 PM

Solving a Trigonometric Equation Using Identities

1
Solve the equation: sin # cos# = 3 0=60 <27

Solution The left side of the given equation is in the form of the Double-angle Formula

2 sin 6 cos 6 = sin(2#), except for a factor of 2. Multiply each side by 2.

sinfcosf = ——
2
2sinfcos@ = —1 Multiply each side by 2.
sin(20) = —1  Double-angle Formula

The argument here is 26. So we need to write all the solutions of this equation

. . . . 37
and then list those that are in the interval [0, 277). Because sin ()7 + 27rk) =

for any integer k we have

37
20 = ; + 2k k any integer
37
= + km
4
3 T 3 3 37 T 37
H = + (-1 =——, 8= + (Mmr = , B =—+ (Nor=—, 0= + (D)7 =
=T+ (r==f 6= o) =3 T+ (1) (@)
| !
k= —1 k=C k=1 k=2

The solutions in the interval [0, 27) are

_ 3w

=7 4

37 T
The solution set i1s , .
{ 4 4 }
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Half-Angle Formulas

Wednesday, June 20, 2018 10:30 PM

Another important use of formulas (6) through (8) is to prove the Half-angle

Formutlas. In formulas (6) through (8), let # = % Then

23_1—::05(1 ZE_l—t—cnsa : __1—cos-:1r
S5 2 €953 2 o 1 + cos a
Half-angle Formulas
R
oo 1 — cos a
= . - 10
51112 \ > (10a)
.
¥ 1 + cosa
— = s = 10b
COs - N > (10b)
-
¥ ;] — COS «&
tan— =+, | ——— 10
e 2 V1 + cosa b

. : : (4
where the + or — sign is determined by the quadrant of the angle EX
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Example

Wednesday, June 20, 2018 10:30 PM

Finding Exact Values Using Half-angle Formulas
Use a Half-angle Formula to find the exact value of:
(a) cos 15° (b) sin(—15%)

30°

@ .
, we can use the Half-angle Formula for cos > with a = 30°.

Also, because 15° 1s in quadrant I, cos 15 = 0, we choose the + sign in using
formula (10b):

(a) Because 15° =

- 30°  [1 + cos 30°
COs 12> = COs = 4/
2\ 2
[i+V32  [2+V3_V2+\3

-\ 2 TV 4 2

(b) Use the fact that sin(—15%) = —sin 15° and then apply formula (10a).

30° 1 — cos 30°
1 — 50 = —q] = — IlI
sin( —15%) sin — \ 5
N-Vv32 Lh-v3a Va-\3

N 2 A 2
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Example

Wednesday, June 20, 2018 10:30 PM

Finding Exact Values Using Half-angle Formulas

3 37
If cosaw = e T < a < . find the exact value of:
Lo« 18 Qv
a) sin — b) cos — c) tan —
. : 3 T : 3 Y . .
First, observe that if # < o < 32' then !E < % < h; . As a result, % lies in

quadrant II.

o ) . . .
(a) Because — lies in quadrant II, Sin = > (), so use the + sign in formula (10a)
to get

(b) Because < lies in quadrant II, c:osE << (), so use the — sign in formula (10b
| 5 £

to get
IlI 1 + -
v /1 + cos a 5
coss=\" 2 ~ N 2
IR E T B
B \"I 2 '\;’E - 5
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(c) Because Z lies in quadrant II, tan% < (), so use the — sign in formula (10c)

| ( 3) /8

« [1—cosa _ ,"f S) E _
2
5

= N+ cosa V()

to get
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Tan ldentity

Wednesday, June 20, 2018 10:30 PM

: a : . .
There is a formula for tan ) that does not contain + and — signs, making it more

useful than formula 10(c). To derive it, use the formulas

Lo & .
|l —cosa =2 511125 Formula (9)

and
. _ {Z(ﬂﬂ 5 i & a o
SN v = SIn - = SN — CoOs — oUurle-analée rormula
2 2 2 }
Then
Y oy
2 sin? — Sin —
| — cosa 2 2 a
- = = = tan —
SIN a o« ¥ ¥ 2
2 sin — Ccos — COS —
2 2
Since it also can be shown that
Il —cosa  sina
Sin | + cos a
we have the following two Half-angle Formulas:
o
Half-angle Formulas for tan —
o 1 — cosa Sin «
tan — = - = - (11)
2 Sin « 1 + cosa
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