Lecture 16 - June 6

e 5.4 Logarithmic Functions

Upcoming Deadlines

e 5.1-4 Homework (June 8)
e 5.5-6 Homework (June 10)
e Exam 2 (June 11)

e 6.1-2 Homework (June 15)

Complete Page 1



Logarithms

Saturday, June 2, 2018 6:59 PM

Recall that a one-to-one function y = f(x) has an inverse function that is defined

(implicitly) by the equation x = f(v). In particular, the exponential function
y = f(x) = a*, where a = 0 and a # 1, is one-to-one and hence has an inverse

function that is defined implicitly by the equation
x = a’, a = 0, a# 1

This inverse function is so important that it is given a name, the logarithmic function.

The logarithmic function to the base a, where @ = 0 and a # 1. is denoted by
y = log, x (read as “y is the logarithm to the base a of x”) and is defined by

y = log, x ifandonlyif x = a*

The domain of the logarithmic function y = log, x is x = 0. _J

As this definition illustrates, a logarithm is a name for a certain exponent. So,
log, x represents the exponent to which @ must be raised to obtain x.

-
. In Words

When you read loggx, think to
yourself “a raised to what power

gives me x.”

~

Relating Logarithms to Exponents

(a) If y = logs x, then x = 3. For example, the logarithmic statement 4 = log; 81
is equivalent to the exponential statement 81 = 3*.

: 1 1
(b) If y = logs x, then x = 5*. For example, —1 = logs(g) is equivalent to; =571
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Examples

Changing Exponential Statements to Logarithmic Statements

Change each exponential statement to an equivalent statement involving a
logarithm.

(a) 1.2 =m (b) € =9 (c) a* =24
Use the fact that y = log, x and x = a’, where @ > 0 and a # 1, are equivalent.

(a) If 1.2° = m, then 3 = log, , m.
(b) Ife? = 9. then b = log, 9.
(c) Ifa* = 24, then 4 = log, 24. ._J

- loW WOPK proBLEM 9

Changing Logarithmic Statements to Exponential Statements

Change each logarithmic statement to an equivalent statement involving an
exponent.

(a) log,4 =5 (b) log, b = =3 (c) logzs5 =¢

(a) Iflog,4 = 5.thena® = 4.
(b) Iflog,b = —3.thene™ = b.
(c) Iflogs 5 = c.then 3¢ = 5.
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Example

Finding the Exact Value of a Logarithmic Expression

Find the exact value of;

1
a) log, 16 b) log;—
(a) log, 16 (b) logs— 1
(a) To evaluate log, 16, think “2 raised | (b) To evaluate log; 7 think “3 raised
to what power yields 16.” So. : L,
to what power yields 57 So,
vy = log, 16 1
2Y =16 Change to exponential y = logs—
- 27
form. 1
2y = 24 16 = 2% 3 =— Change to exponential
27 form
y=4 Equate exponents. e
Therefore, log, 16 = 4, - - o7 =3 7
y=—3 Fquate exponents,
1
Therefore, logz— = —3.
erefore. logs—= 3

o)
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Example

25, log, 1

29, lﬁg]f(g 1 6

33. log. 54

"
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Logarithmic Functions

3 Determine the Domain of a Logarithmic Function

The logarithmic function y = log, x has been defined as the inverse of the
exponential function y = a*. That is, if f(x) = a*. then f~!(x) = log, x. Based on
the discussion given in Section 5.2 on inverse functions, for a function f and its

inverse f 1. we have

Domain of f! = Range of f and Range of f~! = Domain of f

Consequently, it follows that

Domain of the logarithmic function = Range of the exponential function = (0, o0)

Range of the logarithmic function = Domain of the exponential function = (—00, 00)

In the next box, we summarize some properties of the logarithmic function:

y = log, x (defining equation: x = a*)
Domain: 0 < x < o0 Banpe:  oa = ) = oo

The domain of a logarithmic function consists of the positive real numbers, so
the argument of a logarithmic function must be greater than zero.
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Example

Finding the Domain of a Logarithmic Function

Find the domain of each logarithmic function.

@ F) = lom(x+3) () g(0) = loas( 12 (©) A(x) = lomple

(a) The domain of F consists of all x for which x + 3 = 0, that is, x = —3. Using
interval notation, the domain of f is (—3, 00).
(b) The domain of g is restricted to

I +x

I —x
Solving this inequality, we find that the domain of g consists of all x between —1
and 1, thatis, —1 < x < 1 or, using interval notation, (—1, 1).

=
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Graphs

Since exponential functions and logarithmic functions are inverses of each other.
the graph of the logarithmic function y = log, x is the reflection about the line
y = x of the graph of the exponential function y = a*, as shown in Figure 30.

y=a* g‘ y=x y=a"y=x
(-1, 1) (a 1)
(0, 1) (1, a)
| | [
-3 (1,0) 3 x
(31
— y=log, x
—9
(@) 0<=a<"1 (b) a=1

Properties of the Logarithmic Function f(x) = logx

1. The domain is the set of positive real numbers or (0, ©0) using interval
notation; the range is the set of all real numbers or (—00, o0) using interval

notation.
2. The x-intercept of the graph is 1. There is no y-intercept.
3. The y-axis (x = 0) is a vertical asymptote of the graph.

A logarithmic function is decreasing if 0 << @ < 1 and increasing if a > 1.

1
The graph of f contains the points (1,0). (a, 1). and (E —'l).

L S e

The graph is smooth and continuous, with no corners or gaps.
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Example

In Problems 63-70, the graph of a logarithmic function is given. Match each graph to one of the following functions:

(a) y = logsx

(e) y=logsx — 1

63. y
SF— 0
m !
— 1x
-3
67. y
3
x=0
| 1 | | |
—1 5x
-3

(b) y = logs(—x)
(f) vy =logs(x — 1)
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(c) y = —logyx
() y = logs(1 — x)

6

thn
K

Yy
3x=0
T B | 1
—5’/ 1x
-3
69.
3fx=0
1 T T
—1 9x

(d) y = —logs(—x)
(h) y=1—logsx

66.

70.




Natural Logarithm

If the base of a logarithmic function is the number ¢, then we have the natural
logarithm function. This function occurs so frequently in applications that 1t 1s given
a special symbol, In (from the Latin, logarithmus naturalis). That is,

y=Inx ifandonlyif x =¢&’ (1)

Figure 33 7
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Example

Graphing a Logarithmic Function and Its Inverse

(a) Find the domain of the logarithmic function f(x) = —In(x — 2).
(b) Graph f.

(c) From the graph, determine the range and vertical asymptote of f.
(d) Find f L, the inverse of f.

(e) Find the domain and the range of f~ L.

(f) Graph f.
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Common Logarithms

Z [ Y= 10% y=x
5 (Ov 1) y = log x
(—Lri)/ /
| | | |
-2 (1,0) 4 x

-

| | .J
evemm—=—Now Work prosLEM 71

If the base of a logarithmic function is the number 10, then we have the
common logarithm function. If the base a of the logarithmic function is not
indicated, it is understood to be 10. That is,

y =logx ifandonlyif x = 10¥

Since y = log x and the exponential function y = 10" are inverse functions, we
can obtain the graph of y = log x by reflecting the graph of y = 10" about the line
y = x. See Figure 36.
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Example

Graphing a Logarithmic Function and Its Inverse

(a) Find the domain of the logarithmic function f(x) = 3log (x — 1).
(b) Graph [.

(c) From the graph, determine the range and vertical asymptote of f.
(d) Find f L the inverse of f.

(e) Find the domain and the range of f .

(f) Graph 1
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Example: Log Equations
Solving Logarithmic Equations

Solve:
(a) logz(dx — 7) = 2 (b) log, 64 =2
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Example

Using Logarithms to Solve an Exponential Equation

Solve: e** =5
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Example

97. log;243 = 2x + 1 98. logg36 = 5x + 3

104. logs(x? + x + 4) =2 105. log, 8* = —3
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Example: Chemistry

117. Chemistry The pH of a chemical solution is given by the
formula

pH = —log;o[H]
where [H] is the concentration of hydrogen ions in moles
per liter. Values of pH range from 0 (acidic) to 14 (alkaline).
(a) What is the pH of a solution for which [H™] is 0.1?
b) What is the pH of a solution for which [H] is 0.01?

(
(c) What is the pH of a solution for which [H™] is 0.001?
(

d) What happens to pH as the hydrogen 1on concentration
decreases?

(e) Determine the hydrogen ion concentration of an orange
(pH = 3.5).

(f) Determine the hydrogen ion concentration of human
blood (pH = 7.4).
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Example: Wound Healing

120. Healing of Wounds The normal healing of wounds can
be modeled by an exponential function. If A, represents the
original area of the wound and if A equals the area of the
wound. then the function

Al:ﬂ} — ADE_{]jﬁﬂ

describes the area of a wound after n days following an

injury when no infection 1s present to retard the healing.

Suppose that a wound initially had an area of 100 square

millimeters.

(a) If healing 1s taking place, after how many days will the
wound be one-half its original size?

(b) How long before the wound 1s 10% of 1ts original size?
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